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1. JIMHUN BTOPOI'O ITIOPA/IKA

1.1. Daaunc

1. DJnIic 1 ero KAHOHMYECKOe ypaBHEHUE

2. UccnenoBanme opMblI 3JJIMICA MO €ro KaHOHUYECKOMY
ypaBHEHUIO

3. Diunic — KakK pe3yJ/IbTaT PAaBHOMEPHOI'O CXKATUSA OKPY2KHO-
CTH K €€ JuamMeTpy. DKCIeHTpucureT jummica. llapamerpuyeckue
yPaBHEHUS JIJINIICA

1.1.1. DuIiic 1 ero KAHOHNYECKOoe ypaBHEHNEe

Onpegenenne 1.1. DumMIICOM HA3bIBAETCs MHOXKECTBO TOYEK ILJIOCKOCTU
JUIsT KayKJI0# M3 KOTOPBIX CYMMa PACCTOSHHI JI0 JABYX JAHHBIX TOYEK, Ha-
3BIBAEMBIX (DOKYCAMI €CTh BEJIMIIHA [TOCTOsTHHAS, OOJIBIIAsT YeM PACCTOSIHIE
MexK 1y (pOKycaM.

[TocTosiHHYIO BEJIMUNHY, BXOJAILYIO B OIlIpeJieJIeHIe JINIICa 0D03HATNM
yepe 2a, a paccrosgune Mexkjy dpoxycamu depes 2¢. Ilyers Fy, Fy — okychl
sJuIIca. BoibepeM cucreMy KOOpJMHAT TaKUM 00pa30M, 9TOOBI OCh abCIICC
poxojiuia depe3 Touku Fi, Fb, a HadajI0 KOOpJMHAT HAXOJMJIOCh Ha cepe-
mne orpeska FyFy. Torga ogesuino, aro Fi(—c, 0) u Fi(c,0).

Onpegesenne 1.2. @okajbubiMu pajnycamu Touku M (x,y) ssmica Ha-
3bIBAIOTCA BeJndunbl 1y = FiM u ro = FyM.

Teopema 1.1. Jlasa mozo, wmobvr mouka M (x,y) npunadiesicana srsuncy,
HEODT00UMO, wMOobBL €€ KOOPAUHAMDL YOOBAEMBOPANY YPAGHEHUNO

20e b® = a® — 2.

<« [lycre M (z,y) — npousBosibHasi Touka sjuiuica. [lo ompejenenuio
yJunIca, 11 + 1o = 2a. Vlcnonb3yst hopMysly pacCTOSIHIS MKy TOYKaMH,
TOJTy JaeM:

\/(x+c)2+y2+\/(x—c)2+y2:2a
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nJjim

\/($—|—c)2—|—y2:2a—\/($—c)2—|—y2.

Bossejst B KBajJpaT 1 npeobpas3oBaB, MOJIYUnM:
(a® — ) x? + a*y? = o' — a*c. (%)
I D2 — o2 — 2
yeTh b° = a® — ¢® (Takast 3aMeHa BO3MOXKHA, TTOCKOJIBKY @ > ¢), TOT/a
(*) npumer sun b?z? + a®y® = a?b®. Tockonbky a # 0, b # 0, To, pasnenus

rnocJjieJJHee paBeHCTBO Ha a2b2, MbI 1 IIOJIYYMM ypaBHEHUE

2 2
R A}

>

Teopema 1.2. Ecau xoopdunamor mouru M (x1,y1) ydosaemeoparom ypas-

HEHUNO
$2 y2
ST =1
a b

2de b2 = CL2 — 02, mo ama movxka npuHa(Meofcum HEKOTMOPOMY IAAUNCY.

« llycTpb uncna xy, y; — perienus ypaBHeHUs

2 2
vy
2 Tp !
Torna
2 2
1, Y1
2tp=t

HoxkazkeMm, uyTo Touka M mpuHAAIEKAT AUy, T.e. uro 4 M + FosM = 2a.
3 ykazanHoro ypaBHeHUs CJIEAYeT, 9TO

yi =" (1-=5).

[TosTomy

2 2 ﬁ
FlM:\/(x1+c) +y2=4/(r1+ )" + 21— =)=

22h? a? — b?
x? +2x10+ A2+ b2 — —5 = Tx%+2xlc+ (b2 + ) =

c? 9 5 c 2 c
—x7+2r1c+a? =1/ (=711 +a) =|-71+al
a a a
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c
Anajiornano paccyzkjasi, moaydnm, aro Fy M = \axl — al. Iockosbky

2 .2
c
T1, Y1 — pelieHus ypaBHEHUS _+ﬁ =1, Toxr; <a,a takkak 0 < — < 1,
a
c c
TO |—x1\ < a. [loatomy, B s1obom ciydae, a + —x1 > 0 u a — —x1 > 0 Urak,
a a a

c c c c
FIM + BoM = |—z1+a| + |-21 —a|l = |a+ —x1| + |a — —21| =
a a a a

c c
a+—-x1+a— - = 2a.
a a

>

Onpenesenne 1.3. YpaBHeHnue

51’]2 y2
St =1 (1.1)
2 2

rae b2 = G~ — C” Ha3blBaeTCd KaHOHMYECKHM YpPaBHEHHEM 3JIJIMIICA.

1.1.2. UccaengoBanue popMbl IJIJIUIICA MO €Tr0 KAHOHUYECKOMY

YpaBHEHUIO
Y A
b| B, y

\4

Puc. 1



CsoiictBo 1.1. Koopdunammwie ocu ABAANMCA OCAMU CUMMEMPUL IANUN-
ca. Hauvano xoopdunam aAeasemcs ueHmpom CuMMempu SAAUNCa.

<« Ilycrs M (x,yo) — HEKOTOpaAst ToUKa v/uinica. [locko/bKy B ypaBHe-
HIK 3JIIMIICA BCE HEM3BECTHLIC BO3BEICHBI B KBAIPAT, TO SJUIAICY [IPUHA/LIC-
Kar Tak xxe: Touka Mi(—xo, o), CUMMETPUIHASI OTHOCUTEJILHO OCH OP/IMHAT;
touka Ms (g, —1o), CUMMETPHIHAST OTHOCUTEILHO ocu abcruce; Touka Msz(—
—Z0, —Yo), CAMMETPUYHAs OTHOCUTEJIbHO Hava/Ia KOODJIMHAT. B

CsoiictBo 1.2. Sanunc nepecexaem xoopdunamuvie ocu 6 mowkar Ay(—
—a,0), As(a,0), B1(0,—b), B2(0,b).

« [Tockobky Toukn Ay, Ay npunajiexkar ocu abciuce, a Toukn By, By
— OCH OPJMHAT, TO JOCTATOYHO IIPOCTO MOJICTABATEH MX KOOPANHATHI B ypaB-
HeHue 3J1aurca. p

CsoiictBo 1.3. Jlaa 410600 mowku aanunca M(x,y) ewnoinaomes coom-
nowernus: —a < r < a, —b <y <b.

2
x

<« lIpejnosiozkum nporushoe, nanpumep, uro |z| > a. Torja — > 1 u
a

JJIs1 JII0O0I0 3HAYEHUST Y TOJTY KM
72 .\ 2 1
S+ >
a? b2 ’
T. €. IPUXOJAUM K IIPOTUBOPEYUUIO C ypaBHEHHeM 3Juauica. K TakoMy ke Io-
TUBOPEUHIO TPUXOJIUM, €CJIH MPEJIIOJIOKIM, 9To |y| > a. »

CsoiicTBo 1.4. /A 2100612 MOYEK IANUNCE, PACTLONOHCEHHBLT 6 NEPBOL KO-
OpOUHAMHOTE YEMBEPMAU, C BO3PACTNAHUEM UL AOCUUCCHL, UT OPAUHAMA 1YObL-
saem.

<« DTO CJIejyer U3 TOoro, 4To

$2

2 2
>

Onpegenenune 1.4. Orpesok AjAs u ero jumna 2a Ha3bIBAETCA OOJIbIIENH
ocbio, a orpe3ok DAy u ero jumHa a Ha3bIBAETCS OOJIBIIEH TOIYOCHIO.
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Onpegenenne 1.5. Orpesok BBy u ero jumna 2b Ha3bIBaeTCsl MEHbIIEH
ocblo, a 0oTpe30K OBy u ero jjmHa b Ha3bIBaeTCsl MEHbIIel 10JIyOChIO.

Onpeanenenne 1.6. Orpesok F}Fy u ero jyinHa 2¢ Ha3biBaeTCss (DOKYCHBIM
PaCCTOSTHUEM.

Onpepnenenne 1.7. Touxkn Ai(—a,0), As(a,0), B1(0,—b), B2(0,b) masnl-

BalOTCd BepIIMHaAMM 3JIJIUIICA.

Ternepb, UCIOJB3YsT MPUBEIEHHBIE BBINIE CBOMCTBA, TOCTPOUM 3JUIIIIC
(puc. 1).

1.1.3. Daauric — KakK pe3y/ibTaT PAaBHOMEPHOI'O CXKATUA
OKPY2KHOCTHU K €€ IuaMeTpy. DKCIHEeHTPUCUTET IJLJIAIICA

IIycts B Hekoropoii ITJICK-2 HekoTOpasi OKPY»KHOCTb 3aJlaHa CBOUM
ypasHerneM x> + y? = a®. [IpousseaéM mpeobpasoBanie CzKATHA K OCH adc-
Iuce 1o gopmysiam

r =X,
a
y=-Y.
b

[ToscraBuB B ypaBHeHIE OKPY?KHOCTH 1 11PE0OPA30BAB, MTOJIY IIM:
X? Y2
) + 7 1.
Takum 0O6pazoM, JIUIC MOYKHO PacCMaTPUBAThH KaK Pe3y/IbTaT CKaTus
OKPY?KHOCTH K €€ JImaMeTpy.
Onpepenenne 1.8. OrHomleHnne GOKYCHOIO PaCCTOSHUS SJLINICA K JIJIMHE
ero OoJIbIeil OCH Ha3BIBAETCST IKCIEHTPUCUTETOM SJIINICA U 0DO3HATAETCS

Jepes €:

€= (1.2)

a.

dokaJibHbIE padnycChbl AJid SJIJIMIICa MOI'YT OBITH BBLIYMCJICHDI qgepes 9KC-
IHEHTPUCUTET:

r=a-+exr;, ro=a—cr. (1.3)

10



« Ilpu pokaszaresnbcrBe Teopembl 2, ObLINM IIOJIyUEHbBI CJEAYIOIIHE CO-
& ..
OTHOIIEHUSA: 7| = a + —T1; o = a — —x1. lemepb ocTaéTcsd NPUMEHUTD
a
olpeJieJIEHe SKCIIEHTpUCUTETa. B>

IIycts B HEeKkoropoit [TJICK-2 3ajgaH 3/1I1I¢c CBOUM KAHOHUYIECKUM YPaB-

HeHueM 9 9
x N Y .
a2  b? '

Torjia sjummIc MOYXKeT ObITH 3aJi1aH YPaBHEHUSIMU

xr =acost; y=bsint, (1.4)

KOTOpPbI€ Ha3bIBalOTCA ITapaMETPUICCKUMHN YPpaBHCHUAMM IJIJIUIICA.

<« CopepiiuM 1peobpasoBaHue C2KaTHsI K 0CH abCIICC ¢ KoM DUIIMEHTOM

Y A
y M,
|«
ky
N
0 X X
Puc. 2

b
cKatud k = —, T.e. 10 popMyIam
a

Y

a
_ Oy
y=13

Torpa, mojcTaBUB T U Y B ypaBHEHEE 3JUIAICA W IPeodpa3oBaB, MOJIYIHM
ypasnenne okpyzxuoct: X2 + Y2 = a?. Ilycrs M(X,Y) — nekoropast npo-
—

N3BOJIbHAs TOUKA ITOI OKPYKHOCTH, ¢ — YroJI MEXKIy pajuyc-BekTopom OM

11



1 ockio abcruce (puc. 2). Torya oKpyKHOCTb MOXKeT ObITH 3ajlaHa ypaBHEe-
HusaMu X = acost; Y = asint, KOTOpble Ha3bIBAIOTCS MapaMeTPUIeCKUME
ypaHeHusiMu. CoBepiInM Terepb oOpaTHOe MpeodpazoBaHue 110 (popMyJiaM:

X =u;
b

Y = —y.
a

Torja Touka M nepeitnér B Touky M’ KoopAuHATEI KOTOPOIl YJ0BJIETBOPSIOT
COOTHOIIEHUSM: & = a cost; y = asint. »

v

Pwuc. 3

ameuanue 1.1. Mw paccmompenu aarunc y xomopoz2o Goxycv, pacnoso-
orcenv, Ha ocu abcuyucc. Feau orce cucmemy xoopdunam eubdpams maxum
00pasom, 4mobwvl PoKYCv, PACNOAG2AAUCD NO OCU OPOUHAIM, MO M020a 3HAME-
HAMEAU 8 KAHOHUYECKOM YPABHEHUL INAUNCG USMEHAM KAYECTNEEHHO CB010
OCHOBHYIO TAPAKMEPUCTNUKY — DOADULAA NOAYOCH OYydem 3HameHamesem nood
opdunamoti, a menvuias — nod abcyuccol. (puc. 3)

12



1.2. 'untep6oJia

1. 'mnepboJjia 1 e€é KaHOHMYECKOe ypaBHEHUE

2. UccnepoBanume ¢dopmbl rumnepboJIbl IO €€ KaHOHUYIECKOMY
yYPaBHEHUIO

3. AcuMIITOTBI TUEPO0JIbl. DKCIEHTPUCUTET I'AIIePOOJIbI

1.2.1. 'unep6oJia 1 €€ KAHOHNYECKOe ypaBHEHUEe

Onpenenenne 1.9. ['unep60J10it Ha3bIBAETCS MHOZKECTBO TOUYEK ILJIOCKOCTH
JUI KayKJION M3 KOTOPBIX a0COJIIOTHASI BEJIMYUHA PA3HOCTU PACCTOAHUI JI0
JIBYX JIAHHBIX TOYEK, HA3bIBAEMbBIX (POKYCAMU, €CTh BEJIUMYMHA IIOCTOSHHASI,
MeHbIIIasi YeM PacCTOsIHIE MeK/1y (POKycaMI.

[TocTostHHYIO BEJIMUNHY, BXOJSIIYIO B OIpeeseHne IUepobosbl 0003Ha-
quM 4epe3 2a, a paccrosiHue Mexk, 1y dokycamu — depes 2c¢. [lycrs Fy, Fy —
dokycel. CucreMy KOOPJMHAT BbIOEPEM TaKKM 00Pa30M, UYTOOBI OCh abCIUCC
POXOo/iIa depe3 (hOKyChl, & HadaI0 KOOPAMHAT HaXO/IMIOCh HA CEPeJIMHE OT-
peska Fi Fy. Ouesujno, aro Fi(—c,0) u Fy(c,0). [lycts M — npoussosibHast
Touka rutepbosibl. V3 onpejenenns ciaenyer, aro |[FiM — FoM| = 2a.

Onpegnenenne 1.10. QokanbubivMu pajmycamn Toaku M (x,y) runepboJibi
Ha3bIBAIOTCS BeJIMYuHbl 11 = F1M u rog = FoM.

Teopema 1.3. Jlaa mozo, wmobv, mowka M(x,y) npunadaescana eunepbo-
A€, Heobxodumo, ¥mobv, e€ KoopAuramyL YIoBAEMBOPAIU YPAEHEHUIO

20e b® = % — a?.

<« Ilycrs M (z,y) — npousBosibHast TouKa rutiepboJibl. [lo ompeeenuio
rutepbosibt, |[F1M — FoM| = 2a. Ilo dopmyse paccTosiHust MeXKIy JIBYMsT
TOUYKAMU TIOJIYIUM:

FlM:\/(x—l—c)Q—l—yQ; FQM:\/(x—c)2+y2.

Torna

@+ +92— /(= + 42 = 2;
13



\/(x+c)2+y2—\/(x—c)2+y2=:t2a;

\/(x+c)2+y2 ::t2a+\/(x—c)2+y2.
Bosseist B KBajIpaT 1 1peobpa3oBaB, MOy InM:
(02 o CL2)$2 o a2y2 — CL2(02 o a2).
nm b’x? — a?y? = a®b?.
O6osnaunm b? = ¢? — a?. IlockombKy ¢ > a, 1o a # 0 u b # 0. Cremoba-

TEJIbHO, IIOCJIeJHEEC PaBEHCTBO MO2KHO ITOYJIEHHO Pa3Ae/INThL Ha a2b2. OTCIOLL&
1 I10JIY9YUM

>

Teopema 1.4. Ecau xoopdunamor mouru M (xq,y1) ydosaemeoparom ypas-

HEHUNO

2 2
a b?

2de b* = ¢? — a®, Mo ama Mmowka NPUHAAEAHCUM HEKOMOPOTl 2unepboe.

« [lycTb ncna x1, y; — pelnenns ypaBHEHUs

Y

a2 v
Torna

TV

a2 v

Hokazkem, ato Touka M npunajgexut rutepbose, T.e. aro |FyM — Fy M| =
= 2a. 13 ykazanHoro ypaBHeHmusa CJejyeT, 4To

[TosTomy

M = \/(% +o) +ut = \/(% +c)’ + 52(—% -1)=

2b2 2 b2
\/x%+2xlc+c2—b2+$;2 = \/a C—; 22+ 2z10+ (2 = 1?) =

14



C 2

02 9 9 C
—af +2r1c+a? =1/ (=21 +a) =|-21+al.
a a a

c
AHaJIOrIIHO paccyKaasi, moaydnM, 9to FoyM = |5x1 — a|. CrenoBaresbHo,
c c
|F1M — FQM‘ = H—.Tl + a| — ‘—.171 — CLH
a a c
3 ypasaenust runepbosibl ciepyet, 9ro |r1| > a. Kpome Toro, - > 1

c
(.. ¢ > a), mosromy —|x1| > a. CienoBaresibHO, JIJIT TOYEK Yy KOTOPBIX
a

xr1 > a, 00a, MOOYJIA IIOJIOZKUTEJIbHBI U II03TOMY

C C
‘FlM — F2M| = |—.T1 +a——x1+ CL‘ = |26L‘ = 2a.

a a

,ZLJIH TOYEK Y KOTOpPbIX T1 < —a, 00a, MOLYJId OTPpULATEC/IbHBI 1 IIO9TOMY
C C

|F1M—F2M‘ :\——xl—a+—x1—a| :‘—2CL| = 2a.

a a

ITo onpenesienuto, Touka M npuHaUIEKUT runepoose. »

Onpenenenne 1.11. Ypapuenue

2 1
a? b2 ’
2 9

ruae b2 = C” — ~. Ha3blBa€TCAd KaHOHUYECKNM YpPaBHEHUEM FI/IHep6OJIbI.

(1.5)

1.2.2. UccaegoBanue popMbI TUIIEPOOJIBI IO €€ KAHOHUYIECKOMY
ypPaBHEHUIO

CsoiicTtBo 1.5. Koopdunammwie 0cu ABAAOMCA OCAMU CUMMEMPUL 2UNED-
borv. Havwano xoopdunam A6aAemMCA UeHMPOM CUMMEMPUL 2UNEPOONDL.

« /lokazaTe/sbCcTBO Tak 2Ke KaK W y IJUINICA 3aKJI09aeTCs B MPOCTO
110/ICTAHOBKE TOYEK, CUMMETPUYHBIX HEKOTOPOIl TOUKE THIEPOOJIbI. B

CsoiicTBo 1.6. ['unepbosra nepecexaem rwoopdunammniyro oco OX 6 moukax
Ai(—a,0), As(a,0) u ne nepecexaem ocv OY .

<« [lepecedenne ¢ ocbio abCIuCce Kak U B cJIydae SJLIUICA JJOKA3bIBACTCA
110/IcTaHOBKOI. /lokazkeM, uTo runepbosia He mepecekaeT och opjauHat. [Ipej-
noJsiozkuM tipotusaoe. Torya cyiecrByer HekoTopast Touka K (0, 1), KoTopast

15



2

1
npuHaiexkuT rutepoodie. CrieoBaTe/bHO, i 1, 4TO HEBBIIOJHUMO J1J151
JleficTBUTEIbHBIX drces. [lojlydeHHOe IpoTHBOpeYre 03HavYaeT, YTo ruiepoo-

JIa He IlepecekaeT OCb Op/inHaT. »

CsoiictBo 1.7. Jlas m060t mouku eunepbosv, M (z,y) evnoanaemes: |x| >
= a.

2

<« U3 ypasuenna runepboint: 2 = a?(1 + y—) Orciona 22 > a® n

b2
nosTomy |x| = a. »

CsoiicTtBo 1.8. /[ 110060 mouer 2unepbosvt, pacnosoHceHHvir 6 nepsot
KOOPOUHAMHOT “YemeeEPMU, € BO3PACMAHUEM UL GOCUUCCHL, UT OPIUHAMA
go3pacmaem.

b2

<« U3 ypasnenns runep6osinl noaydaeM: 2 = —b? + —2x2. [ToaTomy uem
a

OosibIle 3Havenne x, TeM OOJIbIe 3HAUEHUE . P

v

Puc.4

CsoiicTBo 1.9. Ompesox A1As u e2o dauna 2a nasvisaemes dedicmeumens-

Hotl ocvro, a ompesok OAs u e20 dauna a Hasvieaemcs 0elcmBUmMeENLHOT
NOAYOCHIO.

16



CsoiictBo 1.10. Ompesox B1By u ezo dauna 2b wnasvieaemcs MHuMol
ocvro, a ompesox OBy u e2o0 dauna b nazvieaemces MHUMOT NOAYOCHIO.

Onpegenenune 1.12. Orpesox [} Fy u ero juimHa 2¢ Ha3bIBaeTCsA (DOKYCHBIM
PaCCTOSTHIEM.

Onpenenenne 1.13. Toukn Aj(—a,0), As(a,0) naspiBaioTcs BeprinHaAME
runepooJIbl.

Ternepn, nConb3yst MPUBEIEHHbBIE BBIIIE CBOFICTBA, TOCTPONM I'HIIEPOOITY
(puc. 4).

1.2.3. AcuMnToThl TUTIIEPO0JIbI. DKCIIEHTPUCUTET TMHEePOOJIbI

Onpenenenune 1.14. Ilpsimble, npoxojisiiiye 4depe3 Hadaja0o KOOpJMHAT U

HIMeIOIINe YIJIOBbIE KOO(MMUIIMEHTH — U —— HA3BIBAIOTCS aCUMIITOTAMUI I'd-
a a
11epOOJIbIL.

AcuMnTors! runepboJIbl ONPEIEIsIIOTCsT YPaBHEHUSIMI

b b
a a

Teopema 1.5. Touxu 2unepbosvl HEOZPAHUNEHHO NPUONUNHCAIOMCA K GCUMIN-
momam, HO He NEePECEKaIOM UX.

« BBy cummerpun runep0oJibl, pacCMOTPUM TOJIBKO TOYKHU I'HIIEPOO-
JIBL, JIeZKAIlNe B 1epBoil KoopanaarHoit derseptu (puc. 5). [leprenaukyispao
ocn abcIyce, paBee BepIIUHbI TUIepOoJIbl, TPOBEJAEM HEKOTOPYIO HMPSIMYIO
a. Torpa ypaBHeHue 3Toil npsimoit: x = h, rie h — HEKOTOpoe YHCJIO Ta-
Koe, 9To h > a. Obo3naunm 4depe3 M TOUKY lepecedeHus: 3TOi HPsIMOii ¢
rurepboJioit, yepe3s L — ¢ acuMmnToroil, a depe3 N — OCHOBaHUE IIePIIeH-
JKYJIsIpa, OIyleHHoro u3 toukn M na acumnToTy. OUeBHIHO, 9TO TOUYKA
M wuwmeer xkoopaunatet (h,y). IlockosbKy 9Ta TOUKA MPUHAJJIEIKAT THIIED-

2 2

poi % = 1. CnenoBaresbHO, Yy = 2\/ h? — a2. Takum obpaszom,

b
M (h,—+vh? — a?). Touka L umeer 1y x)e abeuuccy, uro u Touka M. Ilycrsb
a

6oJie, TO

17



\4

Puc. 5

touka L nmeer koopuuats! (h,y;). Tak Kak oHa JIEKUT HA ACUMIITOTE, TO

b

b
y1 = —h. Cnemosaresnbro, L(h, —h). O4ueBuHO, 9TO PACTOSTHUE MEXKTY TOU-
a a
b b
kamu M u L pasho paznoctu ux opaunar. Ilockoinbky —h > —+/h? — a2, 1o
a a

touka M Bcerja pacrosioxkena Huke Toudku L. OTcioga ciejiyer, 9To pac-
cMaTpuBaeMasi BeTBb I'MIIepO0JIbl HUKOIIa He [1epeceKaeT aCUuMIITOTY.

[To nmocrpoenuto, MN < M L. Beujy ormeuennoro Boiiie, ML = éh —
a
b b b
——Vh? —a? = —(h—+Vh? — a?). Crenosaresnsro, MN < —(h—+/h? — a?).
a a a

[Ipu Bospacrannu opanHarhl Toukn M (3HadeHus h), 3HaUeHIE BbIDAYKEHUS
B IIPABOil YaCTHU IIOCJIE/IHETO PABEHCTBA YMEHbIIIAeTC, II09TOMY TOUKU IUIIeP-
00JIbI HEOIPAHUYIEHHO MPHUOJINZKAIOTCS K aCUMIITOTE. P>

Onpenenenne 1.15. OtHomrenne (HOKYCHOTO PACCTOSTHUSI THIIEPOOJIbI K
JUINHE ee JeHCTBUTE/ILHOI 0CH HA3bIBAETCsl SKCIEHTPUCUTETOM TI'HIIePOOJIbI
1 00O3HAYAETCs Yepes €:

€= (1.7)

a.

Sameuanue 1.2. Hauas uaywamv 2unepbosy, Mvl 8vl0PAAL CUCEMY KO-

18



v

Puc. 6

opduram maxum 0bpazom, wmobv, Porycol aeocaru na ocu abcyucc. Bos-
MOXHCEH U OPY20T YaACMO UCTONBIYEMDBLT 6blO0D cucmemsv, Koopduram, xozda
doxyco. aeorcam wa ocu opdunam (puc. 59).

19



1.3. ITapabona

1. ITapabosa 1 e€ kKaHOHMYEeCKOe ypaBHEHUE
2. UccnenoBanmne dopmbl nmapadboJibl M0 €€ KaHOHMYECKOMY
yPaBHEHUIIO

1.3.1. ITapabosia n e€ kKaHOHIYECKOe ypaBHEHHE

Onpenenenne 1.16. [TapaboJioit HazbIBaETCsSI MHOYKECTBO TOYEK ILJIOCKOCTU
JUTSL KaXKJI0i U3 KOTOPBIX PpacCTOSHEE JI0 JIAHHOM TOYKM, Ha3bIBaeMOil (hoKy-
COM PaBHO PACCTOAHUIO JIO JJAHHON HNPAMOI, HA3bIBAECMOI JIUPEKTPUCOIA.

Ob6o3na4unMm dokyc napabosibl gepe3 F', a jqupexrpucy depes d. Cucremy
KOODJIMHAT BbIOEPEM TaKUM 00pa30M, 4T00bI (DOKYC JieyKasl Ha TOJIOXKUTE b
HOM HaIlpaBJIEHNN OcH abCIce, JUPEeKTprca ObLIa mapaJiie/ibHa OCH OPIHAT
1 HAYAJI0 KOOPIMHAT HAXOINIOCEH ITOCepeInHe MexK 1y (POKYCOM U JTUPEKTPH-
coii. Paccrostame Mexx ity (hoKycoM 1 INpeKTpucoit o6o3nadnm depes p. Torma

p
oueBUIHO, UTO F (5, 0) u qupekTpuca MMeeT ypaBHEHHE T = —=

2

Teopema 1.6. J[aa mozo, umobwvr mouka M npuradaestcana napabosie, Heob-
200UMO, 4MobbL €€ K00PAUHAMYL YIOBAEMBOPAAU YPAEHEHUIO

2 _
Yy = 2[)3’],
ede p — mexomopoe JeticmeumenbHoe NOAOAHCUMENLHOE YUCAO.
<« [Iycts M(x,y) — npomusBosibHas ToUKa napabosisl (puc. 7). Obosmna-

quM vyepe3 N ocHOBaHue epIeHINKYIdpa, OIyIleHHoro u3 roukn M Ha ju-
pekTpucy. [lo onpenenenuto napadosbl, F'M = MN. IlockoabKy

_ P\ . _ p
FM =\[(z=3) +v*% MN=|z+Z],

TO
PV o p,.
¢@ ;) ty=lr+ 3k
2 2
2 —pr+ ey = et pe+ o
1 4
y2:2px.
>

20
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(©)
>
-n
>

Puc.7

Teopema 1.7. Ecau xoopduramovr nexomopoti mouku M ydosaemesopsrom
YPasHEeHUIO

y* = 2pu,

2de p — Hexomopoe JeticmeumMesbHOE NONOHCUMEALHOE YUCAO, MO IMA MOY-
Ka NPUHAOAEHCUM HEKOMOPOT Napabose.

<« Ilycrs M (1, y1) — HEKOTOpasi TOUKA TaKasi, ITO €6 KOOPJAUHATHI Y0
BJIETBOPSIOT yPABHEHHIO U3 YCIOBHs TeopeMbl, T.e. y3 = 2px,. Torna

_ P2 2 _ 2 P2 _
FM = (x1—§) +y2 =[x —pr1+(2) +2px =

2

2
(x1+§) - |x1+g| — MN.

>

Onpenenenne 1.17. Ypapuenue

y? = 2pz, (1.8)

race p — HEKOTOpPOE ILGIZCTBI/ITGJH)HOG ITOJIOZKUTEJIbHOE YUCJIO, Ha3bIBACTCA Ka-
HOHUYCECKUM YypaBHCHHUEM Hapa60ﬂb1.

21



1.3.2. UccaengoBanue popMblI ITapabOJIbI 110 €€ KAHOHUYIECKOMY
YPaBHEHUIO

CsoiicTtBo 1.11. Abcyucca 2106017 mouru napabdbosvl HEOMPUUAMEALHA.

CsoiicTBo 1.12. Ilapabora npoxodum uepes Ha4ar0 KOOPIUHAM.

CsoiicTBo 1.13. [lapabora cummempuiHa OmHoCUmesvHo ocu aOCUUCC.
<« AHAJIOTMIHO CBOMCTBAM SJIINICA U TUIIEPOOJILL. P

CsoiicTBo 1.14. [Ipu HeozpaHuverHHoM 603PACMAHUY AOCUUCCHL, OPOUHAMG
so3pacmaem no abcoromot 6eAUUUHE.

« HenocpeicrBenHO 13 KAHOHMYIECKOTO YpaBHEHUA. B

CsoiicTtBo 1.15. Ompesox F'M nasvieaemcsa porxarvrvim paduycom, a 6e-
AUNUHG P — NAPAMEMPOM NAPAOONDL.

Onpegenenne 1.18. Ochb abciuce HA3LIBAETCS OCHIO CUMMETPHUE I1apado-
JIBI, & TOYKa MepecevdeHus mapadosibl ¢ OCbI0 abCINICC, KOTOPas COBIAIAELT C
HAYAJIOM KOOPUHAT — BEPIINHON apaboJIbL.

Ternepb, UCIOJIB3YS IIPUBEJIEHHBIE BBIIIE CBOJICTBA, OCTPOUM apaboJLy
(puc. 8).

Bameuanne 1.3. Fcau cucmemy xkoopduram eviopamo dpyaum obpazom, mo
ypasrerue napabosv, 6ydem umemsv dpyeoti eud. Ha puc. 9-11 noxazarv, nau-
bonee UCTLOABBYEMDBLE CAYUAU MAKO20 6blOOPA.
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1.4. JIluHuM BTOPOTO MOPSAKA B IMOJIIPHBIX KOOPIMHATAX

1. JlupekTpuchl 3JIJUIICA U TUTIEPOOJIbI.
2. YpaBHeHUE JIMTHUA BTOPOTO MOPSIKA B MOJITPHBIX KOOPANHA-
Tax.

1.4.1. JImpeKTpUCHI JIJIANCA U TUIEPOOJIbI

Onpenenenune 1.19. Ilpsimble, napaJiie/ibHble OCH OPJUHAT U UMEOIINe
ypaBHEHUS

a a
x S uT=o, (1.9)

Ha3bIBalOTCA TUPEKTPpUCAMM JJIJIAIICA.

[TockombKy it siumica € < 1, TO JUPEKTPHCHI JUINICA SJITUIC He
nepecekaioT (puc. 12).

Omnpenenenue 1.20. IIpsmbie, napaJiiebHble OCH OPJAMHAT U HMEIOIIIe
ypaBHEHUsI

r=—2 u =2, (1.10)
£ £

HA3BIBAIOTCSI JIUPEKTPUCAMU IUIIEPOOJIBI.

[TockoJIbKY Jijist TUIepOoJibl € > 1, TO JUPEKTPUCHI TUIIEPOOJIbI THIIePOO-
JIy He mepecekaioT (puc. 13).

Teopema 1.8. Omnowerue paccmosnus om A10000 MoKy aaiunca (2unep-
6oav) do poryca K paccmoanuo om amot mouku do coomeememeyrouet
AUPeXMpPUCH, eCMb BEAUNUHG NOCNOAHNHAA, PABHAA IKCUEHMPUCUMEM]).

« okazkem Teopemy g sjuinica. Ilycrs B Hekoropoit ITJICK-2 nan
sunic. [Iycrs M — HekoTopas To4uKa 9Toro sjummiica. PaccrossHue oT TOUKH
M 1o dbokyca F(c,0) maitgém o (1.3): ro = a—ex. OT™MeTHM, ITO HOCKOIBKY
110 CBOMCTBY 3Junica, —a < & < @, & TaKxKe, IOCKOJIbKY JIjIsd SJIIUICA £ <
< 1, T0o o¥eBHIHO, UTO |a — ex| = a — ex. Paccrosiame oT Toit 2Ke TOUKH J10
COOTBETCTBYIOIIENH BHIOPAHHOMY (POKYCY JIMPEKTPUCHI, HAIEM 110 pOpMYy.Ie

a a—ex, |la—ex| a—ex 1y
£ £ £ £ £

25



OTcroia HEIOCPEICTBEHHO CJIeJyeT, ITo

()
— = €.
dy

| 4

[TockoIbKY 7151 J11000# TOYKHU I1apabojibl PacCTOsIHUE JIO JIUPEKTPUCHI
PaBHO PACCTOAHUIO JI0 (POKYyCa, TO CUUTACTCSI, ITO JJIsl 1apadoJbl £ = 1.

A

Y
b| B,

Olb;n
>
N

v

1
mla
mja

>

Puc. 12

Taxkum 0Opa3oM, KprBas BTOPOIO TMOPSIIKA — 9TO MHOZKECTBO TOUYEK JIJIs
KayKJIO M3 KOTOPBIX OTHOINEHME PACCTOSHUSA 70 (POKyca K PacCTOAHUIO JIO
COOTBETCTBYIOIIEH 3TOMY (DOKYCY JUPEKTPUCHI, €CTh BEJTMINHA TOCTOSHHASI,
paBHas SKCIEHTPUCUTETY £, MPUUEM I Jjunnca € < 1, juisd mapadoJibl,
e = 1, nug runepbosibl, € > 1.

1.4.2. YpaBHeHUe JUHUU BTOPOTO IOPSAJIKa B MOJSIPHBIX
KOOPJIMHATAX

JIMHIST BTOPOIo MOpsiJiKa MOYKeT OBbITh 3a/laHa B IOJIAPHBIX KOO IMHATAX
ypaBHEHUEM

p

= — 1.11
P 1 —ccosyp’ (1.11)

« Ilycts F'— dokyc JIMHIM BTOPOTO TOpsijiKa, d — COOTBETCTBYIOINIAs
eMy JupekTpuca. depe3 (hoKyc MPOBEAEM MPSMYIO, MEPECEKAIONTYIO JIITHIIO
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BTOPOI'O HOPsJIKa B HeKOTOpoil Touke. [Iycrh 310 Oyer Touka M. O6o3HaUNM
yepe3 N oCHOBaHWE IEPIEH/IUKYJIAPa, OIyIeHHoro u3 Touku M Ha aupek-
Tpucy. BBUY BbIIIe0Ka3aHHOI T€OPEMBbI,

FM
MN "~ © )
rje € — 9KCIEHTPUCUTET.

BribepeM 1oJIsipHYIO CUCTEMY KOOPJAMHAT TaKUM 00pa3oM, YToObI (pOKYC
F 6bu1 nosiocom, a noJsisipHasi 0Ch ObLa HAIpaBJIeHa B CTOPOHY OT JIMPEK-
TPUCHI U ObLIA IUPEKTPHCe TepeHuKyIspHa (puc. 14).

[IpoBeniém depes GoKyc NPsIMYIO @, IMEePIeHIUKYJISIPHYIO MOJISIPHOIT OCH.
[lycTh 9Ta npsimasi mmepecekaeT JIMHUIO BTOpOro mopsijika B Touke A. Ilycro
(p, p) — nossipabie KoopuHaThl Touk M. Yepes B 0bo3HAUNM OCHOBaHUE
epIeHINKYIgpa, onyineHHoro u3 Toukn A ma npamyoo MN. Torna MN =
= M B + BN u, xpome Toro, BM = FM cos p = pcos .

O6o3Ha1nM gepe3 K ocHOBaHUE MEPIEHINKYJIsipa, IPOBEJIEHHOI0 U3 TOY-
Kk A na gupextpucy. Torma ogesuno, uro BN = AK . IlockonbKy Touka A
JICYKUT Ha JIMHIE BTOPOIO MOPSJIKA, TO JIJIsl He€ TaK »Ke BBIIOJIHSIETCsS] COOTHO-

AF
IeHHe ——r = e. Orciona, oboznaauB AF = p, nonyunm: AK = b [TosTomy
€
MN = pcosy + L Teneps ucnosszyem (*):
€
P _
p CoS ¢ + L
£

p=¢e(pcosp+ g);
p(1 —ecosg) = p.
Orcrofia u cjiejiyeT moJIsipHOe YpaBHEHUE JIMHUE BTOPOrO MOPsIIKa. B

[TapameTp p Uit mapaboJIbl paBeH HapaMeTpy HapadoJibl, JJis SJLIAIICA
1 TUunepOoJIbl OH HaXOJUTC 110 popMyJIe

p=— (1.12)

<« [eficTBUTe/ILHO, €C/IM 3JLIUIC WK runepbo.Ia 3aaHbl KAHOHUIECKUMU
ypasrerusivu, 1o F(c,0). [losromy A(e, p). IlogcraBus KoOpuHATBl TOUKH
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A B KaHOHUYECKOE YpaBHEHNE, 1IOJyIUM:

P2
St =1
a b
p?  a*+c
—=14+—==
b2 a? a?
Tlnst ssumanca b® = a? — ¢?, a i rutnepboutsl b = a? 4 ¢2. [lostomy Kak s
b4
SJIINTICA, TAK 1 I THIEPOOJIbI, oTydaeM: p° = —5 U, IOCKOJIbKY P, a, b —
a
b2

[IOJIOZKUTEJIbHBbIE YHUCIa, TO P = —. B
a

Sameuanne 1.4. Vpasnenue (1.11) onucwsaem sce mouku napaboiv u ece
Moyky aanunca. s cayuas 2unepbosve smum yYypasHenuem onUCveaomcs
AUWD TOYKU NPa6oti 6emeu. Ucnosv3ys anaso2uvmvie paccysicienus, ocma-
6U6 MY IHCE CUCTNEMY NOAAPHOIL KOOPOUHAM, MOHCHO NOAYHUMD NOAAPHOE
ypasHenue Ae6ot 6emeu 2unepoobi.
—p
P=1_

€ COS

Xoma, ecau ucnosvb3o6amsb CUMMEMPUIO 2UNepbOADL OMHOCUMENDHO €€
MHUMOT OCU, MO MOIHCHO 000TiMmucy U 6e3 Hezo.
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2. IIOBEPXHOCTU BTOPOI'O ITIOPA/IKA

2.1. IToBepxHocTHu, oOpazdyemMbie C MOMOIIIHIO BpPaIlleHUS

1. IloBepxHOCTH BpallleHUs
2. IloBepxHocTu, obpa3yeMble W3 MOBEPXHOCTEN BpaIlleHUs C
MOMOIIBIO ITPe0OPaA30BAHUS CYKATUS

2.1.1. IloBepxHOCTH BpalieHUs

Omnpenenenune 2.1. Bpariennem 1iockoit jtuann ¢ BOKpyr JaHHON MpsiMOi
, HA3bIBAETCsI TaKOe JIBUyKeHre JJuHI P, 1pn KoTopom Kazkias Todka A 3Toit
JIMHUY B [IJIOCKOCTHU, TIEPIIEHIUKYJ/ISTPHOIT IIPSIMOIi @ OTITMCBIBAET OKPYZKHOCTD C
eHTpoM B Touke Aq, rie A; — npoekiust Toukn A Ha 9Ty npsimyto. [Ipsimast
a HA3BIBAETCST OCBIO Bparenus. (puc. 15)

X ! »\r//
a
Puc. 15

Onpegenenne 2.2. [loBepxHOCTbIO BpallleHnsl HasbiBaeTcs (urypa, obpa-
30BaHHAasl BpallleHIeM HEKOTOPOIl JIMHUN BOKPYI' HEKOTOPOIl OCH B IIPOCTpaH-
CTBE.
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O4eBuIHO, YTO OCh BPAILEHUA ABJIACTCA OCbI0 CUMMETPUN [TOBEPXHOCTH
Bpalenust. [Tosromy jist BbIBO/Ia KAHOHMYECKUX YPABHEHUH Pa3/JIMYHbIX TH-
1I0B [IOBEPXHOCTEH BpalleHus, Oy1eM paccMaTPUBATL T€ CAYUYal, KOIJa OChIO
BpAIlleHUsI sIBJISIETCsI OJ[HA, U3 KOOPAUHATHLIX OCEid.

Kak yzke ormedasioch BbIllle, YpaBHEHHEM IOBEPXHOCTU HA3LIBAETCS Ta-
koe coorrorenue F(x,y,z) =0, rue F(x,y, 2) — HEKOTOPBIil MHOTOWIEH OT
IePEMEHHDIX X, Y, Z OIPEJICJEHHON CTeleHy, YTO KOOPAMHATELI TOYEK JaHHOIi
HOBEPXHOCTU U TOJLKO OHK YJIOBJIETBOPSIOT 3TOMY COOTHOIIEHUIO.

IIycts B Hekoropoit ITJICK-3 Ham jlaHa HEKOTOpas MOBEPXHOCTbL Bpa-
menust BOKpyr ocu OZ U I1yCTh 3Ta HOBEPXHOCTL 00Pa30BaHa BpAICHUEM
HekoTopoil ymnur P. Dra JymHUST MOKET OBbITh 3ajaHa Kak JIMHUS Iepece-
JeHUsl JIBYX OBEPXHOCTE(, onpeieiéHubx ypasuerusvu Fi(x,y,x) = 0 u

Fy(z,y,z) = 0:

Fi(z,y,z) = 0;
0 ()

Ecim Bo3MOXKHO B 9THX YPaBHEHHUAX T N Y BbIPa3UTb KaK CbYHKHI/H/I oT
Z, TO MBbI IIOJIy9IUM CHCTEMY:

T = p1(2);
Y = @2(2). (+%)

[Tycrs Touka M (X, Y, Z) — nexoropas (puKCHpoBaHHAs TOYKA ITOMH IO-
BEPXHOCTU. B HEKOTOPOIl ILJIOCKOCTH «r, HepHeHInKyasapHoii ocu OZ, oHa
OMUCHIBAET OKPY’KHOCTH ¢ 1eHTpoMm B Touke M, (0,0, 7) u paguycom r =
= VX2 + Y2 Ilycrs N(z,y,Z) — npousBoJibHAST TOUKA ITONH OKPYKHOCTH
(puc. 16). Torma M,N = /x?+y? wo M,N = M,M. CuenoBareyibHo,
VX2 4+Y?2 = /22 +y% Bossena B KBajipart, noaydaeM: X2+ Y? = z2 + 12,

[TojcraBuB Tenepb BbIpaskeHusl lepeMeHHbIX x u y u3 (*), moayuum:
X2 +7Y? = ¢*(2) + ¢*(2) — ypaBHeHue NOBepXHOCTH BpaleHust Junun (¥)
BOKpyT ocu OZ.

Nrak, jjg TOro 4rodbl HOJYYUTH YPABHEHUE IIOBEPXHOCTH BPAIICHUS
mockoit yimaun () Bokpyr ocu OZ, HyKHO mpuBectu cucremy (*) K BuLy
(**), Bo3BecTH OOe YACTH TOJIYIEHHBIX YDABHEHWUI B KBAJIpaT U CJIOKUTH
YPABHEHM [TOUJICHHO.

BuiBoj ypaBHEeHUs HOBEPXHOCTU BPAIICHUA BOKPYT JIPYTUX KOOPIUHAT-
HBIX OCeil aHAJIOTYCH.
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Puc. 16

JIrobast 1MOBEPXHOCTb BpaIleHUsT MOYKET ObITh 00pa3oBaHa BpallleHHeM
HEKOTOPOIl IIJIOCKOII KPUBOIA (B 9TOM HETPY/IHO YO TUTHCs, NUCIOIB3YS KO-
HYTO cTepeoMeTpHio). [loaroMy KaykoMy THILY TJIOCKUX JIMHU BTOPOTO MO~
paAJIKa COOTBETCTBYET HEKOTOPBII TUII IIOBEPXHOCTEN BpAIlCHUS.

1. IIpamas:
x = a;
y = 0.

Bpamiast eé Bokpyr ocu OZ, nojryaumM Kpyropoit muinsap (puc. 17):

z? +y? = a’ (2.1)

2. OKpy>KHOCTb :
e
y=0.
Bpamiast eé Bokpyr ocu OZ, nosyaum cdepy (puc. 18):

2+ y* + 22 = a? (2.2)

3. Duuurc:



\4

Pnc.18
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Bpaimast ero Bokpyr ocut OZ, noJydanum sjuniconss Bparernst (puc. 19):

2 2 2
x Y z
? + ? + g =1 (2.3)
Z A
C
-a
-a 0 a Y'
Z -
X
-C
Pwuc. 19

OKpyKHOCTH MOYKHO BpalllaTh BOKPYT JIH00OI U3 Oceil, Ipu 9TOM BCerja
nosiyaaercs: cdepa. Ilpn nmsmenenun ocu BpallleHusi, SJJIMIICOUL JINIIL BbI-
TsiruBaeT cBoro (popmy. [Ipu BpaleHun runepOoJibl, 3aMeHa oceil BpaleHust
IPUBOJUT K KQUECTBEHHBIM U3MEHEHHUSIM IIOBEPXHOCTH.

4. I'mnepboJia:

x? 22 .
a2 2 ’
y =

Bpainas eé Bokpyr ocu O Z, 101y 9iM OJIHOIIOJIOCTHbIN IUIIEPOOJION,] Bpar-

menust (puc. 20):

SERTEE N (2.4)




v

Puc. 20

Bpaimast ke 3ty runepbosry Bokpyr ocu OX, HMOJyInUM JIBYHOJIOCTHBIM
rutiepboJion 1 Bpaienus (puc. 21):

_____ —1 (2.5)

5. IlapaboJa:

x? = 2pz;
y = 0.

Bpairas eé Bokpyr ocu OZ, nostyanm mapabosion| Bpaiienust (puc. 22):

2 2
X )
4L =2 (2.6)
P P

Ecs »xe BeTBI 11apaboJibl BBITSIHYTHI BJIOJIb OTPHUIATETLHOTO HAaIIPaBJIe-
Hust ocu OZ, t.e. napaboJia 3a/1aéTcsl ypaBHEHNEM

x? = —2pz;
y =0,

TO MOJIy9IUM [apaboJIONJI BpallleHns JIpyroii opuenTanuu (puc. 23):

2 2
p p
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Puc. 21

Puc. 22
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v

-

Puc. 23

2.1.2. IloBepxHOCTH, OOpa3yeMble N3 MOBEPXHOCTEN BpaIlleHus C
TIOMOIIBIO ITPEOOPaA30BAHMS CKATHUS

Wcnonbayst npeobpa3oBaHue CxKaTUsl U3 IOJYUEHHBIX BbIIIE TOBEPXHO-
cTeil BpallleHUsI MOXKHO JIEI'KO IIOJIYUUTh JIPYIHe TOBEPXHOCTH.

1. KpyroBoit MUJINHAP: IPUMEHIB K HEMY [IPe0dPa30BaHue CXKaTHs K
mockoct OX Z 110 dpopmysiam

MOJIY UMM SJUIHIITHIeCKUi nuinsap (puc. 24):

X2 Y2
St =1 (2.8)

2. DJLIAIICON, BPAIIEeHMUs: [IPUMEHNUB K HeMy IIpeoOpa3oBaHue CxKa-
TS K KoopjuHaTHOi 1ockoctn OX Z 110 bopMmysiam

r=X;
a

y b Y

2=/,
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I
-

/
-a a .
Y
/
L
Puc. 24

TOJTY INM TPEXOCHBIH dsutuiiconst (puc. 25):

Xz vz 72

ZtEra-l (29)

3. OJHOMOJIOCTHBIN THUIEPOOJION BPAIIEHUS: [IPUMEHIB K HEMY
1peodpa3oBaHue cxKaTus K KoopauHaTHOI 1iockoctu OX Z 1o dpopmysiam

r =X,
a
y b Y
z =4,
ITOJIY IMM OJTHOIIOJIOCTHBIH Turepbosonst (puc. 26):
X2 y? Zz?

4. JIBy1I0JIOCHBII TUIIEpPOO0JION/I BPAIIEHUSs: IPUMEHNB K HEMY ITIpe-
obpa3oBaHue cxKaTug K KoopauHaTHOi 1iockoct OX Z 110 dpopmysiam

r=X;
C
:—Y‘
y b Y
2= J,
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-a
b 0] b
X
-C
Puc. 25
ZA
b X
a/ O Y
X

Puc. 26
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ITOJTY MM JIBYTIOJIOCTHBIN rutiepbosion (puc. 27):

2 (2.11)

5. IIapaboJsion s BpallieHus : IIpUMEHIB K HEMY IIpeoOpa3oBaHue CxKa-
TS K KoopAuHaTHOi 1miockoctu OX Z 1o dhopmysiam

r=X;
y ="
q
2=/,
riae ¢ > 0, moyauM 3/umnTHdeckuii napabosions (puc. 28):
X? y?
Z 7

= 27. (2.12)

Sameuanue 2.1. Mv He paccmompenn, cayuau corcamus chepvt u napabo-
A0U0G BPAWEHUA, BEMBU 00PA3YIULET KOMOPO20 HANPABAECHDL BHU3, CHUMAA
IMAU CAYUAU MPUBUANDHDLMU.

e~V V= <ol BN

Puc. 27
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2.2. JIuHeiliuaTble ITOBEPXHOCTU

1. Konnyeckne noBepXHOCTH

2. lInnuaagpuyecKne MOBEPXHOCTH
3. 'umepboanmyeckuii mapadoJion
4. IlpssmonnHeliHbIe 00pa3yomine

2.2.1. Konndyeckue moBepxXHOCTH

Onpenenenne 2.3. Konmuaeckoil MOBEPXHOCTBIO WM MPOCTO KOHYCOM Ha-
3BIBAETCST [IOBEPXHOCTD, KOTOPast 06pa3yeTcst JIBUZKEHUEM HEKOTOPO MPsIMOi
(obpaszyroteit), Tpoxo/ el depe3 HEMOIBUAKHYIO TOUKY (BEpIIUHY) U mepe-
CeKaroIell HEeMo/BIKHYIO JIMHAIO (HAIPABJISIONIYIO).

[TycTb maH HEKOTOPBI SJIIUTIC

S
a2 b ()

rie ¢ > 0.

B kadecTBe BepIMHBI KOHyCa BblOepeM Hadajao KoopaunHar. Ilycrb
M (z,y, c) — HEKOTOpAs pou3BoJIbHAs TouKa djutnica, a N (X, Y, Z) — Jio-
Oast Touka mpsimoii (obpasyrorreit). Tak Kak 00pas3yommasi MPOXOJUT Yepes
touky O(0, 0, 0), To koopauaarsl TOUkH N OYIyT YIOBIETBOPATH ypABHE-
HUIO TIPsIMOit, 1poxoisitieit yepe3 Touku M u O:

X Y Z
P
Xc Yc
OTcro/1a BO3SMOYKHO BLIPa3UTh & = S ny=— [TogcraBus 9TH BbIpa-
»Kenus B (¥), mosryduM ypaBHEHIE KOHUYECKOit moBepxHocTu (puc. 29):
X2 y? Zz?
St =0 (2.13)

[TockobKy Kaxkjas MPOU3BOJIbHAS TOUYKA PACCMOTPEHHON KOHUYECKOI
[IOBEPXHOCTH JIEZKUT Ha HEKOTOPOM 3JUIMIICE, IIEHTP KOTOPOI'0 HAXOJUTCH Ha
ocu OZ, TO cUMMETPHUYHAs eii OTHOCUTE/JIbHO YKa3aHHOM OCH TOYKa TaK Ke
npuHaIeXKUT 1osepxHoctu. [loaromy odeBnino, uro ochb OZ paccMOTpPEH-
HOIl IIOBEPXHOCTU SIBJISIETCSI €€ OChI0 CUMMETPUHN.
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Z A
-a
b ¢ b
a
0 Y
X
Puc. 29

Bameuanue 2.2. Mo 6vi6pasu 6 Kauecmee HANPABAAIOWET NOCMPOEHHOT
KOHUYECKOT NOBEPTHOCTIU HEKOMOPul sarunc. Boswukaem sonpoc: kakas
NOBEPTHOCING NOAYUUMCA, ECAU 6 KAYECTNEE HANPAGAAIOWET 63AMb OPY2Y1o
AUNWIO 6MOP020 Nopadka? Eciu konuyeckyo noseprnocmy, NOAYUEHHYIO 6bi-
we nepeceuv HEKOmopol NAOCKOCTbIO, MO 6Ud AUHUL, NOAYUAEMOT 6 Ce-
uenuu Oydem 3a6ucemv om Y2l MENHCOY 0CHIO CUMMEMPUL NOSEPTHOCTIU
u nepecexarouets naockocmoto (puc. 30). Pacnosazas amy naockocmov nod
PASAUMHOLMU Y2AAMU, ML NOAYHUM 6 CEYEHUU Napabory (naockocms ai),
eunepbony (naockocmov ag) u asaunc (naockocmo ag). Ilpu smom yrasan-
HBLE AUNUL CAYHCAN, HANPABAAIOUUMU ONA PACCMAMPUBLEMOT KOHUYECKOT
NOGEPTHOCTNU.

Taxum 06pazom, NOAYHYEHHAA HAMU KOHUECKAA NOBEPTHOCTND ACAACI-
cA eOUHCTNBEHHDIM TNUNOM KOHUYECKOT NOSEPTHOCTU, HANPABAAIOWET KO-
mopoti ABAAEMCA NUNUA BMOPO20 NOPAJKA.

2.2.2. lIlnnmHapuydeckue IMMOBEPXHOCTHU

Omnpenenenue 2.4. [unHApUIECKOil MOBEPXHOCTHIO WM IUJIMHIPOM Ha-
3bIBACTCH MMOBEPXHOCTDH, KOTOPasi 00pa3yeTcs JIBUKeHNeM HEKOTOPO PsMOoit
(06pa3y}0mef4), COXPaHLIOIIEll CBOE HallpaBJIEHUE U IepeceKaronieil HeKOTo-
PYIO HENOJBUYKHYIO JIMHUIO (HAIPABJISAIONLYIO).
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Puc. 30

Berimre Mbl paccMOTpesIn OQUH U3 CAyYaeB MUINHIPUIECKOH IIOBEPXHO-
CTU — SJUININTHYECKNN Iuminaap. Kpome ykasaHHOI CyIecTByeT eIié JiBe
IIOBEPXHOCTH 9TOI'0 TUIIA, HAIIPABJIAIONINMI KOTOPBIX SIBJIAIOTCA Hapabosia u
rurnepoo.ia.
1. mapaboJia, 3aaHHasT CHCTEMOI
y* = 2pu;
z =0,

BBICTYIIasl B KavuecTBe HalpaBJistioneii, oopasyer mapaboJndecKuil muInHiap
(puc. 31), KOTOPBI UMEET CJIE/IYIONIee ypaBHEHHe:

y? = 2px. (2.14)
2. runep6oJIa, 3a/laHHast CUCTeMOit
2 2
T
2y
a? b ’
z =0,

BLICTYIIAs B KQ4eCTBe HAIIPABJIAIONICH, 00pa3yeT IunepOoJIndecKuii IuInHIp
(puc. 32), KOTOPBIl UMeeT CJie/IyIoliee ypaBHeHue:
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/
/
Puc. 31

A

A >

~
™

—

|
~
d

Puc. 32
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2 2
! (2.15)
a b
Sameuanue 2.3. Jhoboe ypasrerue 6mopozo nopadka 0mHocumenvHo 08Yx
NEPEMEHHDLL 6 MPOCMPAHCMBE ONPEICAAEM HEKOMOPYIO UUAUHOPUYECKYIO
noseprrocmy. Jleticmeumenvro, nycmsv (L1, Ts) — NPOU3BOAHOE DEUEHUE
HEKOMOPO20 YPABGHEHUA BMOPO20 NOPAIKG OMHOCUMEALHO 08YT NEPEMEHHBLT.
Tozda amomy pewenuro coomsememasyem OECKOHEUHOE MHONACECTNEBO MPOEK
(21, 9, T3), 2de x3 — A0boe deticmeumenvroe wucao. B ceoto ouepedv smu
mpotiku onpedeasrom 6 nexomopoti II/JCK-3 beckoneunoe mHoocecmseo mo-
wer, 00pa3yUee NPAMYI0, NAPAAAEALHYO MOt KOOPOUHAMHOT 0CU, KOMOPAs

coomeemcecmaeyem nepemeﬁﬁoﬂ’ 3.

2.2.3. 'mnepboanydeckuii mapadosion

Omnpenenenune 2.5. ['unepbosimiaeckim n1apadoIonI0M Ha3bIBAETCsI TOBEPX-
HOCTB, OlpejesseMast ypaBHeHIEM

L =2z (2.16)

riep >0, qg>0.

B orimune oT paccMOTpPEHHBIX paHee IMOBEPXHOCTeil BTOPOro MOpsIIKa,
runepooJiniecKnii mapabosIon 1 Hejib3sl IIOCTPOUTD, MCI0JIb3Ysl IIpeodpa3oBa-
Hue cxkarus. JIjist Toro, 4To0bl HOCTPOUTDH ITY IIOBEPXHOCTDL, IPUMEHUM TaK
Ha3bIBACMbIII METOJI CeYCeHUII.

Cragajia BO3bMEM KOOPJIMHATHBIE ILIOCKOCTH. llepecekast nMu moBepx-
HOCTb, IOJIYYUM CJICJIYIONINE JITHUU BTOPOT'O MOPAIKA.

1) mrockocts OXY':

z =0;

72 2

S —
p q

[Tockombky p > 0, q > 0, To, pa3/Io’KNB BTOPOE YPaBHEHNE CUCTEMBI KaK
Pa3sHOCTb KBaJ/paToB, MHOJIYYUM, YTO OHO PABHOCHUJILHO COBOKYITHOCTHU JIBYX
YPaBHEHUIA:
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_x’

T.€. ONPE/IE/IAET [IePECEKAIOINECs IPSIMBIE.
2) wiockocts OX Z:

y=0;
$2

= 2z.
%

[Tockobky p > 0, To moIy4aeM 1apadoJ1y, BepIInHa KOTOPOl HAXOIUTCsI
B HavaJjie KOOPJIMHAT, & BETBU BBITSHYThI BJIOJIb [IOJIOYKUTEIBHOIO HAIIPaBJIe-
tust ocu OZ.

3) miockocts OY Z:

nug ocu OZ.

[Tockosbky g > 0, To mosrydaemM 1apadoJ1y, BEePIINHa KOTOPOl HAXOIUTCsI
B HadaJie KOOP/IMHAT, a BETBU BBITSIHYThI BJI0JIb OTPUIIATEILHOIO HaIIPaBJIe-

[Iepeceuém Tenepb MOBEPXHOCTD ILIOCKOCTSIMU & = £k, rae k > 0.
4), 5)

r =tk

k2 2
——y—:2z.
p

[Tockoabky p > 0, ¢ > 0, TO B OTMEUYEHHBIX IIJIOCKOCTSX, TOJYIUM IIa-
paboJIbl, BETBU KOTOPBIX HAIIPABJIEHBI BJIOJIb OTPHUIATE/ILHOIO HAIIPABJICHUS

qk?

ocu OZ, a BepIINHbI HOJHATHI Hal IJ10cKOCThI0 OXY Ha BeJnmunHy

]432
y2 = —2qz + q—

Ucciienyem Terepb MOBEPXHOCTb CeUE€HUEM IJIOCKOCThIO0 z = [, [ < O:
6)

z =1

2 2
S A7)
p q



[Tockonbky [ < 0, p >0, ¢ > 0, To, pa3zjeaus 0d6e 4acTu MOCJIEIHETO

2 $2

ypasHenns Ha 2l u obosnauns a’ = —2lp; b> = —2lq, nosyanm 2
a
= 1, T.e. runiepboty, JleficTBUTEIbHAS OCh KOTOPOii napaJsuieabia ocu OY ) a

BepImHbl HaxoiATcsa B Toukax B1(0, —b,1) u By(0,b,1).

Ucceryem Tenepb 1MOBEPXHOCTh CeUE€HUEM ILJIOCKOCTBIO 2 = §, § > O:

7)

z2=35
2 2
x
S - 2s.
p q
[Tockonbky s > 0, p >0, g > 0, To, pa3je/uB 0d6e YacTu MOCJIEIHETO
) ) 22 P
ypaBHEHUs Ha 2s u 0003HaUUB a” = 2sp;  b° = 2sq, noayanm — — 2=
a

= 1, t.e. runepboJty, JeiicTBUTE/IbHAsl OCh KOTOPOii mnapaJuiesbaa ocu OX, a
BEepIINHBI Haxo/sITest B ToUKax Aj(—a, 0, s) u As(a, 0, s). Tereps, ucrnoynbayst
ITOJIyYeHHBIE CEUeHNUsI, TIOCTPONM Turiepbosmaeckuii mapabdoson (puc. 33).

><V
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2.2.4. IIpamosmmHeiinbie obpa3yioniue

Onpegenenue 2.6. JIuneitgaroii Ha3bIBAETCS TOBEPXHOCTE, KOTOPAasi COCTO-
UT U3 MHOXKECTBA MPsIMbIX, HA3bIBAEMBbIX HPSIMOJIMHEHHBIMI 00Pa3yOIIIMA.

Konmdeckne n MUWIMHAPHIECKHE MOBEPXHOCTU, PACCMOTPEHHBIE BBIIIE
OYEBHJIHO SBJISIOTCS JinHedaTbiMu. OKa3biBaeTCsl, 9TO KPOME HHUX CyIIle-
CTBYET €I¢ JIBe MOBEPXHOCTHU, KOTOPBIE TaK K€ SBJIAIOTCA JIMHEHIATHIMU —
OJIHOTIOJIOCTHBIN ruriepboson)i U runepbdbonydecknii napadosoni. s Toro,
YTOOBI B 9TOM YOEJIUTHCS, JIOCTATOYHO MTPOBECTU aHAJTUTUUECKOE MCCJIEI0BaA-
HUEe YpaBHEHUI 3TUX IMOBEPXHOCTEIA.

PaccmorpuM ypaBHeHUE HEKOTOPOT'O OJTHOTIOJIOCTHOI'O TUIIEPOOJIONIA:

$2 y2 22
2t et

[Ipeobpasyem ero cjejyommum o0pa3oM:

$2 22 y2.

2 2 Ty
r zZ,,x Z Y y
SoOELH) =1 =D+ D).
C-IE+)=0-D1+) (%)

PaccmoTpum Terepb mpsiMyto, KOTopast 3aaéTCsl CUCTeMON (KakK JIMHUST
nepeceveHnst JAByX MOBEPXHOCTElH)

(- =u(l-7)
r oz 1 Y
(5+E):E(1+6)7

rjie U — HEKOTOpOoe JIefiCTBUTE/IbHOE YUCJIO.

[Tockosbky Jsiobast Touka M (x,y, z), KOOPAUHATBI KOTOPOii YIOBJIETBO-
PAIOT TOM CHCTeMe, IPUHAJJIEKUT MHOKECTBY TOUYEK OIPEIe/IIeMOMY COOT-
worerueM (*), o Touka M TPUHAJIEKUT HAIIEMY OJTHOIOJIOCHOMY TIHIIep-
6os1omTy. BBULy NPON3BOJILHOCTH BBIOOPA BCs IpsiMasi, ompejiesiseMast 3TOi
CUCTEMON MPUHAJIEXKUT 3TOi 1moBepxHocTu. [IpuaaBasi mapamerpy u pas-
JINIHBIE YHCJIOBbIE 3HAYEHUsI, MbI ITOJIyIMM OECKOHETHOE MHOYKECTBO HPSIMO-
JINHEIHBIX 00Pa3yIOIIIX OJIHOIOJOCHOIO TUIIEPOOIOH/IA.

PaccmoTrpumM emié ojiny npsiMyio, KoTopas 3aJaéTcs CHCTEMOIT

(=) =v(1+3)
Tz 1 Y
PR Sl
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e v — HEKOTOPOil JeCTBUTEIHbHOE YUCJTIO.

[TorsiTHO UTO HpsiMasi, 3a/laBaeMasi ATOI CUCTEMON TEJIMKOM IIPUHA/I/Ie-
YKUT OJHOIIOJIOCTHOMY IHIIepOosion 1y. 3ajaBasi JIjisl ¥ pas3mdHble 3HaYeHUs],
OJIYIUM eIé OJIHO MHOXKECTBO IIPSIMOJIMHEIHBIX 00pa3yoIIX.

JIBa MHOXKECTBa NMPAMOJIMHENHBIX 00Pa3yIONINX UMeeT TaK »Ke Tunepoo-
Jmdecknii napadasioni. JleiicTBUTEeIbHO, IIyCTh MUIIepOOIMIecKuil mapadosio-
11 3a/1aH YpaBHEHHEM

[Tockobky p > 0, ¢q > 0, TO, pa3/loKUB JIEBYIO YaCTb Ha MHOYKUTEJIN,
MBI IIOJIyIUM AHAJOIMIHO OJIHOIIOJIOCHOMY T'HUIIEPOOJIOUY CJIEIyIONINe JIBa
MHOKECTBA:

¢ T 1 Yy _Z.
! VP \66 v
LT gy,
L VP VA

(L LY oy
9 \éﬁ \g//a 2
VP VG u

rae v, 4 — HEeKOTOpPbIC rZLe'I7ICTBI/ITGJII)HI)IQ qucJia.

Omnpenenenune 2.7. JIpa pa3indHbIX MHOXKECTBA IPSIMOJINHEHHBIX 00pa3yio-
X OJIHOIIOJIOCTHOIO TUIepOo/Ionia u runepboIniecKoro mapadosionia Ha-
3bIBAIOTCS CEMENCTBAMU ITPAMOJIMHEITHBIX 00pa3yIoNIX STUX TOBEPXHOCTEI].

C-S=ut-2; [E=)=v1+2) -
Ceh=—a+h 1 2+dH=10-Y |
TV E (B Yy,
— — —= = 2v; — ==
Viovi WP Vi
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Teopema 2.1. IIpamorunretinvie 06pasyrousue 00HONOAOCTIHO20 2UNepboN0-
uda uru 2unepbosuMeckozo napabosouda, NPUHAONEHCAULUE 0OHOMY CEMET-
Cmey 00pasyoUUT HE MEPECEKAIOMCA, 4 NPUHAOAEHCAULUE PASHBM CeMeT-
CMBaAM — NEPECEKAOMCA.

« IlycTb manbl JiBe mpsiMble, TPUHAJIEXKAINNE OJIHOMY CEeMEHCTBY Mpsi-
MOJTUHENHBIX 00Pa3yIoNuX TUepdboInIecKoro mapabdaJjion;ia;

x v
— + = = 2u;
VP VEw
L Y

—+—=2U1;

VP VE

rje uy; # u.

BbraTst o4/1eHHO U3 TIePBOTO ypaBHEHUsI cucTeMbl (*), mepBoe ypaBHeHMe
cucremsl (**), mosyanm aro u = wy. Ho 9170 mpoTuBOpednT yeaoBuo uy # u.
CJie/loBaTeIbHO, CHCTEMA, COCTABICHHAsT U3 ypaBHEHUI cucTeMbl (*) 1 ypas-
HeHuil cucrembr (**) mecoBMmecTHa, a, 3HAYUT, He uMeer pernernii. [losromy
IPSIMBIE U3 OJHOIO CeMeficTBa He IIePeCeKaIOTC.

BosbMéM Tenepn obpasyloliye 13 pa3HbIX CeMeiicTs:

(LY oy
9 \éﬁ \éa_z.
L VP VG U
o zZ
(__i_i:_;
Lvpoyro
Y _9
— — = =2u.
L VP VA

CJI02KUB TIOYJICHHO [IepBOE YpaBHeHHe CHcTeMbl () U BTOpoe ypaBHEHUE
cucrembl (**), nomyunm: x = /p(u + v); BEIUTA HOWIEHHO U3 HEPBOIO ypaB-
nenns cucreMsl (*) Bropoe ypapnenue cucteMbl (**), momyunm: y = /q(u —
— v). IlogcTaBuB MostydeHHbIe BBIPAKEHHsT BO BTOPOE YPABHEHNE CHCTEMBI
(*), mosyuanm: (u+v— (u—v)) = z wim z = 2uv. Takum 06pazoMm, cucTema,
cocTaB/eHHas U3 ypaBHennii cucremsl (*) n ypasuennii cucremst (**), Beera
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nMeeT perieHue:
r = /p(u+v);
y = /q(u—v);
z = 2uv.
J1J1s1 0JIHOIIOJIOCTHOIO I'UIIepPOOJION1a, JI0KA3ATEILCTBO IIPOBOJUTCS aHa-
JIOTUYHO. P

><V

Puc. 34

MTak, MbI yOeIUJINCh, YTO OJIHOIIOJIOCTHBII IMIIepOoJIon I 1 ruiiepoomye-
cKuil mapaboson i BMecTe ¢ KOHUIeCKOH 1 HUJIMHAPUIECKON TTIOBEPXHOCTIMII,
SIBJISIIOTCST JInHegaThiMur ioBepxHocTsiMu (puc. 34-35). TlockosbKy ocTasib-
HbIe [TOBEPXHOCTU BTOPOI'O IIOPsJIKA HE COCTOAT U3 IPSIMBIX 10 OIIpejiesie-
HUIO 1 HE JIONYCKAIOT Pa3J/IoyKeHUl, aHAJOINIHbIX TPUMEHEHHBIX HAME JIJIsI
OJIHOIIOJIOCTHOI'O I'uItepboJionia 1 Jijisi TUIepOoIMnIecKoro mapabosonia, To
JIPYTUX IOBEPXHOCTE BTOPOIO MOPSIIKA, KOTOPbIE SIBJISIIOTCSI JIMHEHIaThIMI,
HET.
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3. YIIPOIIEHUWE OBIIEI'O YPABHEHUNA
JINMHN BTOPOI'O ITIOPA/IKA

3.1. ¥YmupomieHue ob0Iiero ypaBHeHUd JIUHUN BTOPOTO MOPSAIKA
npeoOpa3oBaHNEM KOOPIMHAT.

1. Ob61mee ypaBHeHUE JUHAU BTOPOTO TIOPSIIKA

2. YnporiieHue oOIiero ypaBHeHHUs JUHUN BTOPOTO MHOPSIKA
mpeoObpa30BaHEM TTOBOPOTA CUCTEMbBI KOOPAMHAT

3. YmupoliieHne oOImIero ypaBHEHHsI JIMHUM BTOPOro MHOPSAKA
mpeoObpa30oBaHEM ITapaJIeIbHOTO MEePEeHOCa CUCTEMbI KOOPAMHAT

4. O61mee nmpeobpa3oBaHWe W MOCTPOEHWE JIMHUM BTOPOTO IIO-

pPAIKa
3.1.1. O61ee ypaBHEeHNE JJUHAU BTOPOTO IOPSIKA

Onpenenenne 3.1. O6muM ypaBHeHUEM JIMHUKA BTOPOI'O HOPsiJIKa Ha I1JIOC-
KOCTH Ha3bIBAETCSI YPaBHEHIE BHUJA

a110? + 2a191y + axy? + 2a13x + 2a93y + asz = 0, (3.1)

I'Jie Gy € Ra Za] € {17273}7 a%l + Q%Q + a%Z 7é 0.

[Ipumepamu JIUHUE BTOPOrO IOPsiJIKA CJIYZKAT U3yUeHHbIe HAMU BBbIIIIE
9JLIMIIC, runepboJia, mapaboia:

v’2? + a*y* — a*b* = 0;
R

y* — 2px = 0.

3.1.2. YmuponieHue obIiero ypaBHeHUs JIMHUU BTOPOTO TOPSIKA
mpeoObpa3oBaHEeM ITOBOPOTA CUCTEMBI KOOPIMHAT

[Tycts B HEKOTOPOIT ITICK-2 HekoTOpast JIMHUST BTOPOTro MOPsIJIKa 3a,/1aHa,
cBonM 00ImuM ypasuenueM (3.1).

[Tycts k03 dunment npu npoussejiennn ry otaunder ot HyJsi. CoBep-
MM [Tpeodpa3oBaHue MOBOPOTA CUCTEMBI KOOPMHAT 10 (DOPMYJIaM

x =12’ cosa — vy sin «;
y = x’'sina + 4y cos a.
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Torma ypasnenue (3.1) npumer Bu:
a1 (2’ cosa — y' sina)? + 2a12(2’ cos a — /' sin ) (2 sin a + 3/ cos @)+
! . / / !/ .
ago (7' sin o + 4 cos )? + 2a;3(2 cos a — g sin o)+
2&23(1" sin o + y/ COS Od) + as3 = 0.
PacKkpbIB CKOOKM, MOJTyINM:
p . 2 .
a2’ cos’a — 2a112'y cos acsin o + aq1y’ sin®a+
2 . /7 2 Il 2
2a197" sin a cos a + 2a19x'y cos“a — 2a10x Yy sin“a—
2 . 12 .9 I :
2a12Yy SN e cos v + a0’ sin“av + 2ag0x 1y cos av sin a+-
2 .
asay’“cos?a + 2a137" cos a — 2a13y’ sin a+
2a932’ sin o + 2a93y’ cos o + azg = 0.
Tenepnb npuBeéM HOJLO0OHBIC HIEHBl OTHOCUTEIHLHO HOBBIX EePEMEHHBIX.
2 . <2 12
(a11c08* v 4 2a39 sin v cos a + agosin“ar) '+
. 2 : 2 : /7
2(agy cos acsin v 4 ag2(cos“a — sin“ar) — aq1 cos asin ) x'y' +
2 . <2 /2
(agacos” v — 2a19 sin v cos v + apysin“a)y’ "+
2(a13cos a + aggsin )z’ + 2(agz cosa — arzsina)y’ + asz = 0.

[IpupasusieM K Hy/10 KO3(DMUIMEHT IpU Hpou3BeJeHun o'y’ U CoBEpUINM
3aTeM HECKOJILKO Mpeodpas3soBaHMil:

2 2

29 COS v sin v + ajo(cos”a — sin“a) — ayp cos asin v = 0;
@11 COS (SIN (v — @99 COS (¢ SIn (v = a12(6082a — sinzoz);
(a11 — age) cos asin a = ajs cos 2a;
(a11 — ag2) sin 2a = 2ay5 cos 2q;
ctg2a = 2 (3.2)
2@12

Takum oOpa3oM, Mbl HoJIydaeM (GOPMYJIY, TO3BOJISIONLYI0 HaXOIUTh Ta-
KOI1 yTIoJ1 IOBOPOTA (¢, YTO KOI(PMUITUEHT [IPHU IIPOU3BEICHIUN HOBBIX II€PEMEH-
HBIX, T.€. Upu =’y pasen Hyo. DTa GOpMyJIa OIpPeJIeseHa TOIA U TOJILKO
TOrJIa, KOria KOAIMMUIUEHT a9 OTJIMYEH OT HYJIsA (B PACCMATPUBAECMOM CJIy-
Jae 9710 jieiicTBuTesibHO Tak ). OHa Ha3biBaeTCst OPMYJION yI/ia MOBOPOTA MPH
YVIPOIIEHNK ODIINEero ypaBHEHUs JIMHUU BTOPOI'O IIOPsijiKa IIpeodpasoBaHieM
CUCTEMbI KOOP/IUHAT.
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[lj1st TorO, YTOOBI HAWTHU COS (v U SiN (v, MOJIb3YIOTCS, KaK IIPaBUJIO, BHA-
qaJie cjejytomieir opmysioi

ctg 2a
++/1 + ctg?2a’

cos 2 = (3.3)

a 3aTeM — (POPMyJIAMHU IIOJIOBUHHOIO apryMeHTa. 3HaK Iepe)] KOPHEM 3aBU-
CUT OT yIJia OBOPOTa (0OBIYHO BHIOUPAETCS 4, HO BOSMOXKHBI U JIDYIHE CJIy-
gan). [IpoBepuTh NMPaBUIILHO JIK BEIOPAH yToJ MOXKHO C IOMOIIBIO OCHOBHOTO
TPUTOHOMETPHYECKOTO TOKJICCTBA U YCJIOBUs PABEHCTBA HYJII0 KOIpduImen-
Ta pu x'y’, T.e.

(age — a11) sin a cos a + apz(cos’a — sin®a) = 0. (3.4)

3.1.3. YnpoireHue obiiero ypaBHeHUs JIMHUA BTOPOTO IOPSIKA
npeobpa3zoBaHWEM MapaJljIeJIbHOTO MEPEHOCAa CUCTEMbI KOOP/IUHAT

Mrak, 1ocjie cOBepIIeHHOro Ipeodpa30BaHms [I0BOPOTa CHUCTEMbI KOOP-
JIMHAT, MBI [TOJIy YN/ YPaBHEHIE, KOTOPOe He COJIEePKUT IIPOM3BEJIeHNUs [1epe-
MeHHBbIX. KoadhduimeHTsr 3T0ro ypaBHeHs — HEKOTOpbIe JIeificTBUTE/IbHbIE
qucyia. O003HAUNM UX I0-JIPYTrOMY, HAIIPUMED TaK:

r 2 112 r ro /
CLHZC _|— a22y _|— 2a13$ + 2(123y + CL33 — O

1 IIPOU3BEJIEM HECKOJIbKO HECJIOXKHBIX IIPeodpa3oBaHuil.

9 a’ a’ 9 a a'> a’ a'>
! ! 13 ./ 13 / ! 23 1 23 / 13 23 _ n.
ap (27 + 222"+ —37) +an (YT + 22y + —57) agg — —— — =~ =0;
ayy a1y ) %) ayy 5P
CLI13 a/23 a/2 a/2
! ! 2 ! / 2 ! 13 23
ap (@' + =)+ ah(y + =) + a3 — —= — =0.
11 / 22 / 33 / /
a'11 a 22 ayq o))

Tenepb copepinM peodpazoBaHue IapaJLIeIbHOIO IIepeHoca 1Mo popMyJiaM

a
/ 13
X=a+ R
11
Y l_|_ CL23
o y —a/
22
Torna paccmaTpuBaeMoe HaMK ypaBHEHUE IIPUMET BHU/I
a'? a'
2 2
ap X+ anY"” +ag; — /13 - /23 = 0.
ary Q99
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Ec/in Terepb 4mcioBoe BbIparKeHue, CTosiIee B KOHIIE 9TOI0 ypaBHeHUs 000~
3HAYUTH 9epPe3 (43, TO MBI MOJyYNM yDABHEHUE

0/3_le2 + 0/122)/12 + a/gg — 0
[Iycrs reneps B ypasuennu (3.1) koaddunuent npu xy pasen nyso. To-

rJ1a JI7IsT TOTO, YTOOBI PUNTH K Oy YCHHOMY BBIIIE YPABHEHUIO, JOCTATOYHO
COBEPIINTH TOJILKO ITpeobpa3oBaHue MapaJijieIbHOrO IepeHoca.

3.1.4. Ob61ee nmpeobpa3oBaHne M MOCTPOEHUE JIMHUN BTOPOTO
MOPsJIKA

Wrak, st yupoineHust o0Iero ypaBHeHsI JIMHUK BTOPOIO HOPsiJIKa, MbI
HCIIO/TB30BAJIH [TPe0dPa30BAHIE TOBOPOTA CUCTEMbI KOOP/IMHAT U ITPEodpPa3o-
BaHUe TapaJsiie/IbHOrO IepeHoca.

[TocTponm Terephb JTMHUIO BTOPOTO MOPSIKA, UCIOIb3Ys MOy IeHHOe M0~
cJie yIpoIeHust ypaBuenue. /[yt 3Toro HeoOXoIMMO ITPOU3BECTU CJIETY IO
neiicrBusi. B crapoit cucreme koopjumHar OXY 1mOCTPOUTH HPOMEXKYTOU-
nyio cucremy Ox'y/, och abciuce KOTopoii obpasyer ¢ 0Cbio abCIUCC CTapoil
cucTeMbl HafiJleHHbI HaMu yroJ «. 3arem Haiitu B cucreme Ox'y’ Touky
O/(@ CL/23

; —=) u nocrpoutrs cucremy koopaunar O'XY, ocu X u Y koropoii

/
ayp Qoo S )
napaJsilesIbHbl COOTBETCTBEHHO ocsiM &’ n y'. Temepb ocraéres MocTpouTh B

nosyuyennoii cucreme koopaunar O' XY wuccieayeMyio JIMHUIO BTOPOIO I0O-
psiJIKa TI0 TIOJIyIeHHOMY TI0CJIe YTPOIeHus ypaBHeHuo (puc. 36).
Y

yA X

v

Puc. 36
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3.2. YupouieHne obHmiero ypaBHeHUsl JIMHUW BTOPOTO IIOPSIKA C
MOMOIIbI0O MHBAPUAHTOB

1. IlenTp JIMHUM BTOPOTrO IOPSAIKA
2. NUccnenoBaHue oO0I1Iero ypaBHEHUsI JIMHAM BTOPOTO ITOPSIKA,
MMeIoIleil eJIMHCTBEHHbIN IIEHTP

3. UccinenoBaHue ob0I1IeTro ypaBHEHUsI JIMHAM BTOPOTO IOPSIKA,
He MMeIoIEe IeHTPa

4. UccnenoBaHme o01ero ypaBHeHNd JIMHUW BTOPOTO HMOPSIKA,
nMeroIeit 6eckoHeYHOe MHOXKECTBO IIEHTPOB

5. KinaccudukanmorHast TeopeMa JIMHAM BTOPOTO IOPSIKa

3.2.1. IlleHTp JMHUM BTOPOTO MOPSJIKA

IIyctb B Hekoropoii [TIJICK-2 HekoTopast JInHUsI BTOPOIO MO IKa 3a/1aHa
CBOUM OOIITUM ypaBHEHUEM

2 2
a112” + 2a122Y + a20y” + 2a13x + 2a23y + asz = 0.
CoBepIuM IpeobpasoBaHne NapalIeIbHOTO ePeHOca 0 (DOPMYJIaM:

x=a + x1;
y=y +u.
Mpur mostyunm:

an (2’ + 1) + 2a12(2" + 1) (Y + 1) + ae(y' + y1)*+
2a13(2" + 1) + 2a903(y + y1) + asz = 0.
Boigenum kosddunuents: npu ' u i
a2 + 20158y + asy’” + 2(anzy + aroy; + arz)a’+
2(a19m1 + ageyr + a23)y’ + an@ + 2a10w1y1 + agyi+

201311 + 2a23y1 + aszz = 0. (])

[TockosIbKYy o1 U 41 — HEKOTOpPBIE JIefiCTBUTEIbHBIE YHC/Ia, TO UX MOXKHO I10-
J00paTh TakUM 00pa3oM, 4ToObl KodddunuenTs! npu ' 1 Y ObLIM pABHBI
HY/JIIO:

ai1ry + ajpyr + a3 = 0; (*)
a12x1 + ageyr + azg = 0.
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Omnpepesienne 3.2. Touka O(x1;y1), KOOPIUHATE KOTOPOI SIBJISTIOTCST pe-

[HIeHueM CUucCTeMbl
a1z + apy; + arz = 0;
@121 + agyr + a3 =0

Ha3bIBACTCH IIEHTPOM JIMHIN BTOPOTO HMOPSIKA, 33 JaHHO 0OIINM ypaBHEHN-
eM
2 2
112" + 2a122Y + a20y” + 2a13x + 2a23y + asz = 0.

Onpenenenune 3.3. JIuHug BTOPOro mnopsijka, 3ajiaHHas OOIIUM ypaBHEHMU-
eM

9 9
a1 " + 2a127y + azy” + 2a13x + 2a23y + azz = 0
HA3bIBACTCS [EHTPAJIBHOI, €/ CUCTEMA

a1y + appyr + a1z = 0;
@121 + agy1 + a3 =0
nMmeerT eLLI/IHCTBeHHoe pemeHI/Ie.

3.2.2. NUccaenoBaHue o01ero ypaBHEeHUS JUHUN BTOPOTO IOPSIKA,
Melolleil eIMHCTBEHHbIN TEHTP

B nasibHeiinem OyjieM cUUTaTh, 9TO JjIsi KOO(M@UINEHTOB 00IIEro ypas-
HEHUsI JIMHUU BTOPOI'O IOPsiJIKa, KOTOPhIe Mbl OyJ/IleM HCIIOJIb30BaTh B MaTPH-
Hax 1 Oolpeac/INTEIIAX, d1g2 = A921; A13 = A31; A23 = A32.

Ilycth HeKoTOpast JIMHUSI BTOPOrO IOPsIKa, 3aJaHHasi B HEKOTOPOI
[TJICK-2 nmeer eIMHCTBEHHBIH MEHTD. DTO 3HAYUT, 4TO cucrema (*) mme-
eT eJuHCcTBeHOoe pemienue. [lepenminem sty cucremy B Bujie

a11ry + ay; = —ai3; (%)
1271 + a22Y1 = —a23.

DTa cucreMa MOXKET UMETh €JIMHCTBEHHOE pelIcHue JIMIIbL B TOM CJIyYac,
ecJi ee onpeaemTe/ib OTJIMYEH OT HYJIA:

ailr a2 0
aiz2 a22

TakuM 0O6pa3oM, Jijisd TOro, YToObl HAATH EHTP JIMHUKA BTOPOIO HOpsijIKa,
HEOOXO0IMMO pentuTh cucremy (**). Breaém ciemyrormune obo3HadeHIs:

5 = a1 a2 5 = —a13 a2 5= 11 —ams
— )y Yr » vy
aiz2 Qa2 —a23 a22 a12 —ass
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ailr aiz a13
A= a2 Q22 Q23| ;
@13 a93 ass
Oy 1)
ITo npasusy Kpamepa, x1 = Sy = gy

Beiesinm tereps cBobosinbiit wien ypasuerust (I):

a11$% + 2a1221Y1 + Cmy% + 2a1371 + 2a23y1 + asz3 =

(@111 + a1oy1 + a13)1 + (@122 + ageyr + ags)yr + a131 + agsyr + asg =

Oy dy )
1371 + Qo3Y1 + A33 = Q13— + G3—= + a33<= =

) ) )
—ai13 a2 ailr —ais ail a2
—a23 A2 a2 —a23 n aiz2 G2
Q13— T a3 T a337 | =
ailp ai2 ailp ai2 ailr ai2
aiz 22 aiz G222 ailz2 G2
aip a1z a13
; ai2 ai3 ailp ai3 ailr a2 a2 Q2o G23
— Q23 3
a29 G23 aiz 23 aia G222 o a3 a3 ass B A
ailr a2 ailp ap2 J
ais G99 a12 Q22

Torma nmpeobpazoBantoe ypasuenue (1) umeer Bu:

A
anx'Q + 2a102'y + aggy’Q + 5= 0. (I1)

Ecmu B aToM ypaBuenun aijs = 0, To MbI cpa3y MOJIydaeM YIIPOIIEHHOE
ypasaenue. [ToaTomy 60JibIIero BHUMAHNS 3aC/ Iy KIBACT CIydail, Korjua ais 7
# (0, KOTOPBIHT MbI 1 OyJieM B JlajibHefieM paccMaTpuBaTh.

CosepiiuM 1mpeodpazoBaHne IMOBOPOTa 110 CJIEIYIONIIM (DOPMYyJIaM:

= Xcosa —Ysina;
Yy = Xsina+ Y cosa.

Torna ypasuenue (I11) npumer Bu:

a11(X cosa — Y sina)® + 2a19(X cosa — YV sin o) (X sina + Y cos a)+

A
asn(X sina + Y cosa)’ + 5 = 0.
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Brigeaum u npupaBHgeM K HYJII0 KO3MUIMEHT 1pu mpouspejgeHnn XY .

—2a77 sin o cos o + 2a12(c082a — sin204) + 2a99 sin a cos o = 0;

—aqy sinacosa + alg(COSQOz — sin2a) + a9 sin v cos o = O; (I1x%)

2

Ecmm cosa = 0, To sin“a = 1. Toraa nocjennee ypaBHeHIE IPUHAMAET

BUI:
a12 = 0,

9TO HEBO3MOYKHO BBHUJIy DPacCMaTpUBAEMOro ciydas. [losromy ypaBHeHue
(IT*) MOZKHO pasjeUTh MOUIEHHO Ha COS

2

sin v sin“«v sin o
—aq + arp(l — —5—) + ax =0
CoS & cos“a coS &
a12tg2a + (CL11 — a22) tgoz — 19 = 0. (I]I)

Taxk Kak JUCKpUMUHAHT 5TOro ypashenuss D = (ay; — a22)2 + 4a3y >
> (), TO 9TO ypaBHEHHUE UMEEeT JIBa PA3JINUHDBIX JIEHCTBUTEIHHBIX KOPHS. DTO
O3HAYAET, YTO CUCTEMY KOOPJIMHAT MOXKHO IIOBEPHYTH B 00e cTopoHbl. Cucre-
MbI, IOJIyYeHHbIE B pe3y/bTaTe TaKuX IIOBOPOTOB OY/IyT OTJINYATHCS JIMIIb
opueHTaInuel KOOpJAuHaTHBIX oceil (puc. 37).

Urak, mbl neperun B ypashennn (II) or memssectabix ' n y' K Hens-
BecTHBIM X 1 Y, a Tak ke m3baBuuch or mpoussejeHus XY . I[Tostomy,
0003HaYNB Yepe3 Ay U Ao KoadpdunnenTol npu X u Y COOTBETCTBEHHO, BMe-
cro ypasuenus (1I), Mbr mosryanm:

A
MXZ 4+ Y2+ ~=0. (IV)
A

B sToMm ypaBHeHUN BeJIUINHA 5 JIETKO BBIYUC/ISIETCS 10 KOIDPUITIEH-
TaM HMCXOJIHOIO ypaBHEHUs. BO3MOXKHO JI BBIYHC/JIUTDL MMOJOOHBIM 00pa3soM
BEJIMUMHLL Ay U Ao?

Ypasuenne (IV) nonydeno u3 ypasuenus (II) mpu momormu mpeobpaso-
BaHUs MOBOpPOTa Ha yroJi a. [Iponssesiém obpaTnoe mpeobpazoBanue, T.e. Mo-
BepHEM KoopinHaTHBIE ocu X U Y Ha yrojg —a. GopMysibl 1peodpa3oBaHUs
MOBOPOTA B 9TOM CJIydae UMEIOT BHU/I:

X =12’ cosa + 3y sinq;
Y = —a'sina+ 1y cosa.
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v

puc. 37 X

[TogcraBum stu hbopmysint B ypasaenne (IV) u mpeobpasyem moJtydeHHoe
BbIPasKeHHe:

(A1 cos® o + Agsin® )z’ + 2(A — Ag) sin a cos ax'y/ +

A
(A cos® o + Agsin® o)y’ + 5= 0.

[TockosibKy 910 ypaBHeHue coBrajaet ¢ ypasuenueM (II), To OyiayT pas-
HbI 1 COOTBETCTBYIOIIE KOIMDPUIUEHTDI:

aj; = M\ cos? o + Ay sin® Q;

a1s = (A — A2) sinacos a; (V)

ao = Ao cOS2 v + A\q sin? av.

Torpa momydnm:

A+ Ay = )\1(0082 o + sin® a) + )\2((3032 o + sin? ) = ayq + ags;

Ao = )\1)\2(0082 o + sin? a)2 = Mo cos® a 4+ 20\ cos? asin? a+

2 2 2 2 2

Mg sin? o 4+ A2 cos? asin® a — A cos? acsin? o + A3 cos® arsin® a—

62



A5 cos? asin® @ = (A; cos® a + Ay sin? ) (Ag cos® a + Ay sin® o) —
A\p sin acos® a — Mg sin® avcos® o + 2M1 \g cos® avsin® o =
(A cos? o + Ay sin? a) (Ag cos? a 4+ Apsin o) — (A — Ag)?sin® avcos? o =

a11 a2 —5

2
ai1a22 — Q19 =
aia G222

ObozHaunM s = aq1 + age. Torma Ay u Ao SIBJISIFOTCSI KOPHSIMI XapaKTe-
PUCTUYIECKOIO YPaBHEHNsT

N — s\ +6=0. (V)

Onpenenenne 3.4. BejgumauHbl
ailr a2 a13

A= |aj2 ax aal;

a1z a3 as3

ailr a2
) =

Ha3bIBalOTCA MHBapHaHTaMW JIMHUW BTOPOI'O IIOPAJIKA. I/IX TaK K€ Ha3bIBaOT
COOTBETCTBEHHO OOJIBIIIUM OIPEJIeJINTEIeM, MAJIbIM OIpeIe/IuTeIeM 1 CJie-
JIOM.

Onpenenenne 3.5. YpapHeHue
M —sA+6=0

Ha3bIBaCTCA XapaKTECPUCTUYICCKNM YpPpaBHEHHUEM JIMHUK BTOPOI'O IIOPAIKA.

YMHOKUM TiepBoe u3 ypasrenuii (V) Ha cos, a Bropoe — Ha Sina u
CJIOZKUM HX:

2 2

acosa + (A — Ag) cos asin” a;
2

a11 COS (v + ape Sin (v = \{ cOS® av + g sin
@11 COS @@ + ajo sin @ = \; cos 04(0082 a + sin” a);
ajesina = (A — aq1) cos a.

Mpbr y2ke roBopmn 0 TOM, 4TO B Hamiem ciydae cosa # 0. ITosromy,
BCIIOMHUB, 9TO k = tg «v, mojiyaum GpopMyJly jijisl BBIYHUCJIEHUsT YIJIOBOIO KO-
s durmenta HOBOIT ocn X B cTapoil cucreme KOOPMHAT:

k= M_ (3.5)
a2
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Uccnenyem rereph mosydentnoe Boie ypasaenue (IV) ornocuresnbHo
OITpeIeIEHHBIX HaMIU NHBAPUAHTOB.

1. [Iycts 0 > 0 m sA < 0. Tak Kak 0 = Aj A9, TO A\ 1 A9 OJIHOI'O 3HAKA.
Kpome Toro, 3ToT 3HaK COBIAJJIAET CO 3HAKOM § = A{ + Ag. DTO B YaCTHOCTH
O3HAYaeT, 9TO 3HAK A IPOTUBOIIOIOXKEH 3HAKY A1 1 Ag.

[Tepermmmiem ypasuerue (IV) B apyrom Buje, ciiesiaB IpeBapuTebHO
HECKOJIBKO IIPeo0dpa3oBaHuIii:

A
>\1X2 + )\2Y2 = —g;
MX?2 Y2
AtTa Tk
) )
X? Y2
O Ao
A
Ha ocnose BbIimeckazanHoro, ——— > 0 u ——— > 0. [ToaTomy Bo3MOXK-
A A oA o
Ho obo3nauenne ——— = a?, ——— = b?. Toraa npeobpazoBaHHOEC ypaBHEHNC
o\ oo
(IV) npunnmaer Bu;
X? Y?
7 + i 1.

DTO ypaBHEHUE JLTHIICA.

2. Ilyctb 0 > 0 u sA > 0. Torga snak A coBmajaer co 3HAKOM 0, A1, Ao.

A
[TosTtomy — > 0, — > 0.
AT o
Crenosaresbro, ypasaenne (IV) Oyaer nmersb BuI:
X? y?
~ T ATk
Ao Ao
. A ), A 2
Beejiém Tenepb obosHavyeHus — = a°, — = b~. Torga MbI 1H0OJIyIUIM
oA O
ypaBHEHHE
X2 Y2
T h
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KOTOPOE ABJIIETCS YpaBHEHHEM TaK Ha3bIBAeMOI'O0 MHHMOIO 3Jjaurca. /[leii-
CTBUTEJIBHO, KOOPJIMHATHI HU OJIHON M3 TOYEK JICMCTBUTEJILHOI ILJIOCKOCTHU
HE YVJIOBJICTBOPSIOT 3TOMY YPAaBHEHUIO, & JJIs KOMIIJICKCHON IIJIOCKOCTH TaKOe
MHOZKECTBO TOYEK CYIIECTBYET.

3. Ilycts 0 > 0 mw A = 0. Torma paccmMarpuBaeMoe HAMHU ypaBHEHHE
HIPpUHUMAET BU/I:

MX2+ Y2 =0.

B sTom ypaBHennn Ko3dgpduuneHTbl Ay 1 Ay 0JHOro 3HaKa. TobKo ojiHa Jiefi-
CTBUTEJIbHAS TOYKA — HAYaJO0 KOOPJAMHAT — YJIOBJIETBOPSAET 9TOMY ypaBHe-
auto. OJIHaKO Ha KOMILJIEKCHOIT IIJIOCKOCTH MOYKHO yKa3aTh MHOYKECTBO TOYEK,
KOOP/IMHATHI KOTOPBIX OY/IYT IIPeBpaliaTh JEBYIO YACTh MOJYYEHHOI'O ypaBHe-
HUS B Pa3HOCTh KBaIpaToB. [loaToMy 9T0 ypaBHEeHNE HA3BIBAIOT ypaBHEHTEM
MHUMBIX IIPSIMBIX, IIEPECEKAIOIINXCS B OJHOI JIEHICTBUTE/ILHON TOYKE.

4. Ilycts Teiepb 0 < 0 m A # 0. B s1om citygae Ay 1 Ao pa3HbIX 3HAKOB.
[Ipenmnonoxum cHavda a, 9To 3HaK A1 coBlaaeT co 3uakoM A. [IpeacraBum
nccjIelyeMoe ypaBHEeHe B BU/IE:

X2 Y?
N 1.
A1 Oy
Tak kak —5—)\1 > 0, 5—>\2 > (), TO BO3MOYKHO 0D03HAUEHUE:
A A
——— =a?, — =
O 0o
Torna ypasuenue (IV) npunumaer Bug
X2 y?
2

D10 ypaBHEeHIe ruiepOoJbl. YTJI0BO KoahUImeHT JeficTBUTEe/ILHOI ocu I'i-
11ep0OOJIbl HAXOIUTCH 110 TOI ke (popMyJie, UYTO U YIJI0BOI KOIMDDUINEHT OCH

a0CIICC CUCTEMDBI KOOPJIMHAT, [IOJYYEHHON [1OCJIe TOBOPOTA!
Al —an
k= ———.
aig
Ecin Tenepb nNpeanooyKuThb, YTO CO 3HAKOM A coBlajiaeT 3HaK )\2, TO ypaB-
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HeHue TurepodoJibl Oy1eT UMEeTh BU/I
X2 N Yy? ]
a? b2 ’
a OTMEYEHHBIN BBIIIE YIJIOBOI KO MUIMEHT OyJIeT HAXOJIUThC 110 TOH Ke
dopmyite:
Al — an
k= ———m.
a12
5. Paccmorpum ciyuaii, koryia 0 < 0 u A = 0. Toryia crosa mostydaem
ypaBHEHIEe

MX2+ Y2 =0,

Ho, B oTstmame ot ciydad 3, Ternepb KOIMPUIUEHTHI A\ U A9 PA3HBIX 3HAKOB.
MoxHo canrarh, aro Ay > 0 1 Ay < 0 (ecsm 970 He Tak, TO JOCTATOTHO
VMHOKHUTB JIEBYIO ¥ TIPABYI0 YaCTH HaIero ypashenus Ha -1). O6o3HaqmM

1
A== A= 5 Torjia paccmaTpuBaemMoe ypaBHEHUE TPUHUMAET BUJI;
a
X2 y?
— - =0;
a b2

X Y
__ZZO;
L v
4+ =0,
a b

KOTOpbIE 3a/1al0T I1apy MepeceKaronuxcs IPsMbIX.

3.2.3. UccaenoBanue obmiero ypaBHeHUs JUHIANA BTOPOIO MOPSIIKA,
He mMelolreii 1IeHTpa

B ciydae, eciin JinHUST BTOPOI'O MOPsiJIKa HE MMeeT IeHTPa, TO CUCTEeMa
(*) me mmeer pemenuit. B 9ToM ciydae mcnosb3oBanHas BbIe uues (Co-
BEpIINTh CHAYaJa peodpas3oBaHne MapalIe/IbHOrO MePeHoca) Tereph OKa-
3bIBaeTCs Oe3pesysbraTHoil. CoBeplinM BHadYaje 1peodpa3oBaHie IOBOPOTa
10 U3BECTHBIM (POPMYJIaM

x =12’ cosa — vy sin «;
y = x’'sina + 4y cos a.
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I/ICCJIG,ZLyeMOG YpaBHEHNE IIPUHUMAaET BUI:

2

. . P
(a1 cos® a + 2ay9 sin o cos o + agy sin® a)z’"+

. : 2
(a1 sin® @ — 2a19 sin @ cos o + agy cos? o)y~ +
2(a13 cos a + agg sin )z’ + 2(agz cosa — argsina)y’ + asg = 0.

O6ozHauIM KodhdumenTs upu ' 1 4/, depes a); i ahy COOTBETCTBEHO.
Tora, KaK HETPYIHO YO UTHCS, )y + Ghy = a11 + Ao = A\| + Ao 1 @l ahy =
= a11a99 — a%Q = A Ao. [losTomy BoIOpanHbie HaMu KOI(DQUIMEHTHI @), 1
(%, PABHBI Ha CaMOM Jiejie KOPHSIM Xapakrepucrudeckoro ypasaenust (VI).
SHa4nT, Mpeodpa30BaHHOE HAMU YpaBHEHHE NMeeT BI/I

Mz’ 4 Aoy + 2b12’ + 2boy’ + agg = 0, (VII)

rie by = a3 cos a + asz sin a;; by = asz cos v — aqz sin av.

[TockosbKy cucrema (*) ne mmeer pemiennii, To § = 0, a Tak Kak 0 =
= A1 A2, TO XOTsI OBI OJIUH U3 KOPHEH XapaKTePUCTUIECKOTIO ypaBHEHNs] paBeH
uysto. [lycrs, nHanpumep, Ay = 0, Ay # 0. Tora nosryunm ypaBHeH#e

Aoy'> + 2b12" + 2byy + asz = 0. (VIII)

Pacemorpum BHavase ciaydaii, korjga by # 0. Beygemum B ypasaennu (8)
IIOJTHBI KBa/IpaT:

bo b9 2
A ( 2 ) 2 _ 2 .
oy + )\Zy + ()\2) + 1LU + ass )\2
CrenaeM elg j1Ba peodPa30BAHIMS:
b2 2 ass b%
A ( / —) Wy (2 + 2B _ — 0.
2\t T (2 + 20, 2)\2b1)

Tenepb coBepinM IpeodpazoBaHme MMapajliebHOr0 IepeHoca 1o (hop-
MYyJIaM:

ass b%
X =g 4 338 :
v 251 Mgby
V —
Y+ = )\2

Torja MBI TOJIyIUM ypaBHEHUE:
NY? 420X =0,

KOTOpOE I10CJIe IIPOCTOro Ipeobpa3oBaHms IIPeBpallaeTcsd B ypaBHEHNE I1apa-
OOJIbI:



by

Haiijiém mapamerp 9Toii mapaboJibl, T.e. BEJIUINHY P = . 3 ypaBuenuns
2
(VIII):
0 0 b
A=10 Xy by|=—b\.
by b2 ass
5 A
[Tosromy nomygaem: by = W u, 3naunt, by = +4/——. Orciona p =
2 2
n A
_ Ay _ + _é
A2 A3
Kak ObLIO IIOKa3aHO BhbIIEe, S = A1 + Ao. Ho B Hamem ciydae A\; =

= 0. ITosromy s = Xo. NTak, Mbl nosydaeM pOpMyJIy, KOTOpPasi IIO3BOJIsSIET
BBIYUC/IUTD ITapaMeTp 1apadoJibl TOJILKO 110 MHBAPUAHTAM JIMHIN:

A

(3.6)

Bribop 3HaKa JiesiaeTcsd Ha OCHOBAHUU TOr'O phaKTa, YTO BCEe TOUKU I1apa-
OO0JIbI JIeYKaT B OJHOI ITOJIYIIJIOCKOCTH.

Koop/inHaThl BepIINHbI TapaboJIbl MOXKHO OIPEJIe/INTh 13 IIPUMEHEHHBIX
BbIIIe (hOPMYJI HAPAJIICTLHOTO IIepeHoca;

ass b% bg
=—(— — o= —(—). 3.7
0= =5 o i = —(5) (3.7)
) Al — a1
Yros moBopoTa 1apadoJibl Olpeledercs Tak ke: k = ———, 1o-
a2

CKOJIbKY HaM TpedyeTcst HAiTu Takoil yroJji, 4rodbl Koddgduiuent upu x'y’
ObLI paBeH HYJIIO.

3ameuanue 3.1. Hem cmpoz0o20 npasuaa kKaxot u3 KopHet Tapaxmepucmu-
YeCK020 YPABHEHUA NPUHAMD 34 N1, G KAKOU — 3G Ag. Imom evibop deaaem-
CA NPOU3BOALHO, HO 6 DGALHETWEM N1 6 hopmyae Y2n06020 Koapduluernma
donogtcen ObiMb MakKuM 2Hce Kak U 6 TAPAKMEPUCTIUYECKOM YPABHEHUU.

Bameuanue 3.2. Kax caedyem nocmynamov, ecau 6 obwem YpasHeHUU Al-
HUW 8MOP020 Nopadka omcymemeyem. (pasen nyao) kosdduyuenm npu ajs?
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IIpu ynpouwenuu obwe2o YpasHeHUs € NOMOWDBIO NPeoOPA30BAHUA ClU-
cmemovl Koopdumnam, He HYAHcHo Jeaams nosopoma, G Cpady COBEPULAML Na-
PAANEALHDLT NEPEHOC BBLOCAECHUEM NOAHO20 KEAIPAMA.

Ipu ynpoweruyu obule2o YpasHeHUA ¢ NOMOULBLIO UHBAPUAHIMNOE, Mbl 005~

3aMeALHO NPOTOdUM Hepe3 Iman nosopoma oceti Koopduram. Fmom noeo-
s
pom 6 darHom cayuae npoucrodum aubo wa yeos 0, Aubo Ha yeon 5 Ymo

3a6UCUM 0M MO020, KaKol U3 KOPHET TAPAKMEPUCNUYECKO20 YPAGHEHUSA Mbl
NPUHAAU 34 A1, G KaKOU — 3a No. [Ipu amom okasvieaemcs, kcmamu, 4mo

{1, Ao} = {a11, a9} Ecau nosopauusams ocu ne nyotcrno, mo k = tga =
aj; —an ™

=~  ~ 0. Ecau oice HYstcHO NOBEHYMB HG Y204 5 Mo NOAYHUM:

a9 — a

0 — He onpedenéH.

3.2.4. cnnepoBaHue oOIero ypaBHEHUs JIMHUM BTOPOTO
MmopsJIKa, UMeroIrneii 6eCKOHeYHOe MHOXKECTBO II€HTPOB

Ecymm mHust Broporo nopsijika nMeeT 6eCKOHEIHOE MHOXKECTBO IIEHTPOB,
TO 9TO O3HAYALT, IYTO cucTeMa () COBMeCTHA U HEopeesieHa. DTO BO3MOKHO
TOrJla U TOJBKO TOI/Ia, KOTJa PABHBI HYIIIO OUPEAETUTENN 0, Oy, 0y.

Pazjio:kus onpeenresib A 1Mo 9eMeHTaM TPeThell CTPOKM, TOJTY IIM:

ail aiz2 ai3
A= a2 Q22 Q23 | =

13 A23 A33

12 a3 a1; ais ay; a2 |
ai3 — a3 + ass =
Q22 A23 12 a3 aia G222

algém + a235y + CL335 = 0.

Takum obpazom, jiist paccmaTpuBaeMbix jimanit, A = 0. [lockosibKy B Hatem
ciydae 6 = 0, TO MOXKHO BOCIOJIB30BATHCSI CBEJIEHUSIMU, TIOJYIEHHBIMEI B
1IpeIbULYINeM IyHKTe, CHOBa JolycTus, uto A; = 0, A = —bi)y. Tax xax
Ao # 0 (B mpPOTHBHOM CjIydae ypaBHEHHE OKayKeTCsl MepBOil CTereHn), To
by = 0. Takum obpazoM, MBI TPUXOJUM K PACCMOTPEHUIO JPYTOr0 JOTUYECKN
BO3MOKHOTO ciiydas ypashenus (VIII), koropoe Ternepb umeer Bu:

)\gy/2 + 2b2y' + ass = 0.
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BurgeuM B HEM TIOJIHBII KBapaT:

by B2, b2

Moy + 22y 4+ 2) — 2 +ags = 0.
2(y )\2y )\%) A 33
)\2@33 — b%

Obo3HaIuM ¢ = T 1 COBEPIINM IapaJlieIbHbII epeHoc 1Mo (hopMy-
JIaM: 2

X =1';

by
Y=y +—=.
Y N

Torja MBI 1TOJIyIUM ypaBHEHNE
AY?4c=0. (IX)

UccneayeMm morydeHHoe ypaBHeHUe Ha, POU3BEJICHUE AoC.
1. Ecmu Aoc = 0, 7o ¢ = 0 1 mosTOMY TOJTydaeM ypaBHEHUE:

Y? =0,
KOTOPOE€ PaBHOCHUJIbHO COBOKYIIHOCTH

Y =0;

Y =0.

DT1a coBokymHocTh B HeKoTOpoit [TJICK-2 onpejiessier napy COBHABIIIX IIPsi-
MBIX.

2. Ecimm Aoc < 0, TO 3HAKK A U ¢ pa3/MdHbI, II09TOMY JieBasl YacTh pac-
CMATPUBAEMOI0 ypPaBHEHHS MOXKET OBbITH IPEeJICTaB/IeHa KaK PAa3HOCTb KBa/I-
pPaTOB U Pa3JIoyKeHa 3aTeM Ha MHOXKHUTEIH:

(VXY + Vel (VIR Y = V/]e]) = 0.
D10 ypaBHEHNE PaBHOCUJILHO COBOKYIIHOCTH
VIXalY + /] = 0;
XY — /Ic] =0

NJIN1 COBOKYIIHOCTHA

[ c|
Y = :
\/\)\‘2||
C
Y = — )
! VAl

koropast B HekoTopoil IIJICK-2 onpejessier napy napaJiie/ibHbIX IPAMbIX.
c

3. Ecimm A\gc > 0, 10 Ay u ¢ ojiHoro 3uaka. Torja BeJudnHa — IOJI0XKH-
2
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TesibHa 1 oToMmy ypasaenue (IX), koTopoe mpejcraBiisiercsi B Bujie

(&
Y2=——
Aa

onpejensier B Hekoropoit ITJICK-2 napy MHUMBIX IapaJsijie/IbHbIX [IPsIMbIX.

3.2.5. KimaccudukanmoHHasg TeopeMa JIMTHU BTOPOTO IMOPSIKa

HOCKOJIbe HaMU ObLIIN pacCMOTPEHDBI BCE JIOTMYCCKN BOSMOXKHbBIE CJIyYaln
JJIA O6LLL€FO YpaBHCHNA JIMHUKA BTOPOI'O IIOPAAKa, TO Mbl JOKa3aJll CJEdYIO-

Y10 TEOpeMy.

Teopema 3.1. Ilycmv 6 nexomopoti npamoy2osvroti dexapmosot cucmeme
Koopduram 3adaHo YpasHeHUue 8Mopo20 NopAdKa ¢ 0elcmMBUMENLHBLMU KO-
alppuryuernmamu

a11x2 + 2a102Yy + a22y2 + 2a137 + 2a93y + a3z = 0.

Toeda cywecmeyem maras NPAMOY20AbHAA JEKAPMOBA CUCTNEMA KOOPIU-
Ham, 6 Komopol danroe YpasHerue NPUHUMAEM 00UH U3 CAOYIOWUL Ka-
HOHUMECKUT 6UJ06:

x y?
I+ 75 =1 sawunc
a b
2y .
2. — + = = —1 — MHuUMmwT s00unc;
a?  b?

3. a’x? 4+ b*y? = 0 — muuMmble nepeceraouuecs NPAMIE;

4. — — = =1 — 2unepbosra;

202 _ 22 =0 .
5. a‘x y* =0 — nepecexarowjuecs npamoie,
6. y*> = 2px — napaboaa;

2_0n .
7. y* =0 — napa cosnasuuT NPAMOIL;

2 2_0n _ .
8. y°—a” =0 — napa NapastesbHBIT NPAMOLT;

9. y*> +a® =0 — napa MHUMBLT NAPAANCALHOIT NPAMBIT.
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B coomsemcmeue ¢ amum cywecmseyem 9 KAacco8 AuHUT 6Mopo2o no-
padka. pyeux surut, onpeiesemvir 00uuM YpasHEeHUEM AUHUL 8MOPO20
nopadka Hem.

CocTaBuM Ha OCHOBE MOJIYYEHHBIX BBIIIE PE3YIbTaTOB TaK HA3BIBACMYIO
KJIACCU(DUKAITMOHHYIO TabJIHILY.

0>01]sA <0 | smmuic

SA > 0 | MHUMBIil 3JLIHIIC

A =0 | MHUMBIE [IePECEKAIOIINECcs IPSIMbIE
0<0|A#0 | runepbosa

A =0 | nepecekaronuecs mpsMble
0=0]A#0 | napabosa

A =0 | coBmaBIme mpsiMbie
HapaJijieJIbHbIe [PSIMbIe

MHUMbIE HapaJiieIbHbIe PSMbIE
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4. TEOMETPNYECKUE CBOVICTBA JIMHUI
BTOPOT'O ITOPAJIKA

4.1. Ilepeceyenue JUHUM BTOPOTO HOPSAKA C IMPAMOIL

1. AcmmnToTuyeckue HaIIpaBJEHUs JUHUU BTOPOTO IMOPSIKA
2. KacaresibHbIe K JIMHUU BTOPOTO IOPSIKA
3. /lmaMeTpbl IUHUW BTOPOTO IMOPSIKA

4.1.1. AcuMmnToTndeckne HalpaBJ/JeHUS JUHUN BTOPOIrO IOPSAIKA

B konne paszjiesia V MblI cOCTaBIIN KJIACCU(MUKAIIMOHHYIO TAaOJIUILY JIJIs
BCEX KJIACCOB JIMHII BTOPOro 1mopsijika. OTHOIIeHNe K 3HAKY MAaJIoro OIpe/ie-
JINTEJIs ) AeJINT YKa3aHHbIe KJIACChl Ha TPpH Ipyibl. [losToMy 3aK0OHOMEpPHBIM
ABJIETCS CJIeylolee olpe/ieieHue.

Omnpenenenne 4.1. JIunusg BToporo mopsijika Ha3bIBA€TCsl JTUHUEH 3JIAIITH-
YeCcKOro Tuiia, ecan 0 > 0, runepbomaeckoro, ecan ¢ < 0 u mapabomiaecKo-
ro, eciau 0 = 0.

IIycts B Hekoropoit [IJJCK-2 npousBosibHas JIMHKUSA BTOPOI'O IOPSIIKA
3a/1aHa CBOMM OOIIMM YpaBHEHUEM

anx® + 2a19wy + axny® + 24137 + 2a03y + azz = 0

1 IIyCTb B 9TOI Ke cucremMe HEKOTOpad IIpdAMasd 3aJaHa CBOUMU ITapaMETPU-
YECKHUMM yYpaBHCHUAMUA

T = 20+ ait;
Yy = yo + ast.

s Toro, 4TOOBI HAWTH MX TOYKY IlepecevdeHnsi, HeoOXOUMO PEITUTh
CUCTEMY

a1 + 2a122Yy + any® + 2a137 + 2a23y + ass = 0;
T = x9+ ait;
Y = Yo + ast.

13 aT0it cucTeMbl HEloCPEICTBEHHO 110JIyUaeM ypaBHeHue
a1 (zo + a17f)2 + 2a12(zo + art) (yo + ast) + a2 (yo + a2t)2+
2a13(x0 + alt) + 2a23(y0 + CLQt) + asz = 0.
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PackpbIB CKOOKM 1 IIpeodpa3oBaB ero Kak ypaBHEHHe OTHOCUTEIBLHO I1a-
pamMerpa t, MOJIy4YUM:

(an1ai + 2a12a1a2 + axa3)t* + 2((a11a1$0 + a12a0x0 + aizar )+
(ar2a1yo + sy + azsas) )t + anaj + 2a12z0yo + assyy+
2a1370 + 2a93y0 + a3 = 0. (1)

Bo3MOXKHBI J1Ba KAIECTBEHHO pa3ndHbIX ciydasi: 1) ypasuenne (I) siB-
Jsiercs JinHelinbiM; 2) ypasaenue (1) siBiiseTcst KBaIpaTHBIM.
Paccmorpum BHavdase 1-it caydait. O4ueBniHO, YTO B 9TOM CIydae

2 2
a11ay + 2a12a1a2 + A2909 = 0.

Onpepnesienne 4.2. Henysepoit BekTop @(ay,as) Ha3BIBAETCS BEKTOPOM
ACHMIITOTHYCCKOIO HAIPABJICHNsl JIMHAN BTOPOTO MOPSJIKA, ONPEICJEHHON B
Hekoropoit ITJICK-2 cBoum obiiuM ypaBHEHHEM

a11x2 + 2a102y + a22y2 + 2a137 + 2a93y + ass = 0,

€CJIN

alla% + 2aq19a1a9 + agga% = 0. (41)

[Iycrs d(ay, az) — BEKTOP ACUMIITOTHIECKOTO HAIpaBjieHust. Ken oo
a; = 0, mbo as = 0, TO yKa3aHHBII BEKTOP OKA3bIBACTCS IapaJliebHbIM
b0 ocu abcuuce, mbo ocu opauHaAT. B najbHeiineM Mbl pa3depéM 3TH CJ1y-
gan otjesibHO. Ceitdac ke OyjeM cuntarh, 9To a1 # 0; as # 0. Torma MoxHO
IOBOPHUTD, YTO aCUMIITOTHYECKOEe HallpaB/IeHle 3a/IaH0 YIVIOBBIM KO3]hduim-

a
erroM k = —. CoreioBaresibio, ypasaenne (4.1) npuHuMaer BUI:
a1
a1y + 2a10k + CL22]€2 = 0. (I])
Ecimm ass = 0, To X0Ts1 ObI OUH U3 KOI(MQPUINEHTOB @11 WA d1p OT-
auden ot Hysst. Ilyers a;p = 0 uw a;p # 0. Torga uz (4.1) ciemyer, aro

a; = 0. Ho sror cayuait namu ncksiouén. [lyers Tenepsb a;; = 0 u ajo # 0.
3 roro xe ypasuenust (4.1) mosydaeMm, 910 ajas = 0 U CHOBa MPUXOIIM
K HCKJIOUYEHHOMY HaMU cjydaro. VTak, B paccMaTrpuBaeMOM CJIydae, oo 7
# 0 u mostomy ypasuenue (1) sisiercss kBagpaTHbiM. Yucsio KopHeit 9Toro
ypaBHEHUSI OIIPEJIeJIgeTCsl 3HAKOM JUCKPUMUHAHTA, T.€. 3HAKOM BbIPasKEeHHSI
4a%2 — 4a11a99 MM SKBUAJEHTHOIO €MY BbIparKeHUs a%Q —aj1a99. Ho aj1a99 —
— a2, = §. CjejloBaTe/IbHO, YUCJI0 PA3INYHBIX ACUMITOTHYCCKIX HAIIPaBJle-
HUIA (KOTopoe paBHO YHCJIY Pa3JINYHBbIX JCHCTBUTEJILHBIX KOPHEil paccmar-
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PUBAEMOr0 HAMI KBaJPATHOIO YPaBHEHMUsI) ONpeJesisieTcst 3HaKoM 0. Takmm
obpazom, ot Onpejiesiernst 1 Mbl IPUXOAUM K cieayiomeMy Onpe/ieeHuro.

Onpenenenune 4.3. JIunusi BToporo mopsijika Ha3bIBAe€TCsl JIMHIEH 3JLIUITH-
YEeCKOI'0 THIIA, €CJIM OHA HE MMEET aCUMIITOTUYECKUX HAIlpaBJICHUI; JIMHUEH
ruepOOINIEeCKOro THIIA, €CJIM OHA UMEeT JBa, PA3JIMYHbIX aCUMIITOTUIECKIX
HaIIpaBJIeHUs U JUHUEH 11apado/InIecKoro THIa, eCJIn OHa UMeeT OJIHO aCHMII-
TOTUYCCKOE HAllpaBJICHUE.

Taxum obpa30M, u3BecTHbIE HaM 9 KJIaCcCOB JIMHUI BTOPOT'O IOPSIJIKA J1e-
JIATCS Ha TPU TUIIA B 3aBUCUMOCTHU OT YHUC/Ia aCUMIITOTUYECKUX HallpaBJIEHUIA.

Pwuc. 38 Pwuc. 39

Puc. 41

Ha pucynkax 38-41 nmoxkazanbl mIpgMble aCAMIITOTHIECKUX HAITPABJICHUIT
(IMyHKTUPOM) U HEACHMIITOTUIECKUX HAIIPABICHUN JIJIST PA3HBIX KJIACCOB JIN-
Huii. V3 9Tux pucyHKoB BUJIHO, YTO IMPSIMbIE ACUMIITOTHICCKOTO HAITPABICHIA
1epeceKaloT JIMHUIO POBHO B OJIHON TOYKe, JTUOO HE IepeceKaroT JIMHUIO BO-
obirie (9ToT ciIydail WITIOCTPUPYETCs: THIIEPOOJIO — CaMU ACUMIITOTHI TOXKe
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OKA3BIBAIOTCS MPSIMBIMU ACHMITOTHIECKOTO HATIPABJICHUST ), JIOO IEJTHKOM
IPUHAJIEYKAT JTUHUH (B CIydae IepeceKaroluxcs MpsiMbIX ).

Bameuanue 4.1. Paccmampusaemoiti namu caywati (ypasuenue (1) aeasn-
eMea MUHETHbIM) HA CaMoM deae pasbusaemcs na mpu NoOCAYaA: a) Ypaes-
nenue (1) umeem eduncmeennoe peweHue U noIMoMYy MOUKa NePeceyeHus
eduncmeenna; 6) ypaswenue (1) ne umeem pewsenuti u noIMOMY MOYEK Nepe-
cevenua nem; 6) ypaswenue (1) umeem beckoneunoe MHONMCECTNBO PEUwEHUT
U MOIMOMY NPAMAA UEAUKOM NPUHAOAEAHCUM, NUHUL.

4.1.2. KacarejabHble K JUHAA BTOPOIO IOPSIKA

Paccmorpum tenepsb ciydaii, korga ypasaerne (1) sBiasgercs xBagpar-
HbIM. Torja BO3MOXKHBI CJejyiolue Tpu mojciaydast: a) ypasuaenne (1) He
nMeeT JIeHCTBUTEILbHBIX KOPHE, T.e. TOYEeK IlepecedYeHrs] NPAMOl C JIMHUEH
wet; 6) ypasuenue (1) umeer jBa pasgUIHBIX JEHCTBUTEIBHBIX KODHSI, T,e,
npsiMasi [epecekaeT JIMHUIO B JIBYX DPA3jIMYHBIX TOYKax; B) ypasaenue (I)
NMeeT €/JMHCTBEHHDLIN KPaTHbII KOPEHb (KOTopr?'I Ha caMOM JieJsie IpeJcTaB-
JsieT coboit JiBa JIeHCTBUTEIHLHBIX COBIIABIINX KOPHSI), T.€. MPsMas KACACTCsI
JINHUN.

Paccmorpum BHadase ciiydail, Korjia npsaMas siBIseTcs JJisd JTUHUN Ka-
caresibHOI. Tora

a1a] + 2a12a1as + agsai # 0.

YpaBHeHUe KacaTebHOoil OyjgeM UCKATh B BUJIE
=2y Y—Yo
ai as '

B kadectBe TouKN Kacanusi Bo3bMEM TOUKY My(xg, yo). Tora, mockosib-
Ky My NpuHAIICKAT JUHIHA, TO

a1 + 2a1220Y0 + 22y + 2a13T0 + 2a23yo + asz = 0.
[Tosromy, Kak HETPYIHO yOeuThest, ypasHeHue (1) 3amuceiBaercs B BIjie
t((ana% + 2ai2a1a2 + cma%)t + 2((ana1xo + arpasxy + ajzar)+
(a12a1Y0 + asaaayo + azsaz))) = 0.

OueBnjino, uro t1 = 0. BoJsiee Toro, Mbl paccMaTpuBaeM TOUKY KaCaHMUs,
T.e. cJyvail, Korjia JBe TOUKU IlepecevdeHns COBIAJN B OJIHY, YTO COOTBETCTBY-
€T COBHIABIINM KOPHSM KBaJpaTHOIO ypaBHeHUd, 3HAUNT, to = 0. ITosTomy

2((a11a10 + ar2a2x0 + aizar) + (a12a1y0 + azsayo + a23a2))) =0.
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Orcrosia nosrydaem:
a11041T0 + A1202%0 + A1301 = —A1201Yp — (2202Yo — (2302
(@170 + a12y0 + a13)a1 = (—a1270 — ag2yo — A23)a;
(a1120 + a12y0 + a13)ar = —(a12wo + azyo + ass)as.
[To cBoiicTBY TIponOpIIMii
a1 —(a12wo + agyo + ags)
a @112 + a12Y0 + 13
Takum 06pa3oM, ypaBHEHHE KacaTeJbHOI B Touke My NpUHIMAET BUI:
T — Xo _ Y—Yo
—(a19mo + asoyo + agz)  anxo+ aayo + arz’

CHoBa IIpUMeHsIsI CBOWCTBa, IIPOIIOPIUIA, MOy IaeM:

(@110 + a12yo + a13)(x — o) + (@120 + a2yo + a23)(y — o) = 0.
PacKpbIB CKOOKH TIOJIYYHIM:
(an1z0 + a1290 + a13)x + (@120 + anyo + as3)y—
allx% — 1220Yo — 13T9 — A12T0Y0 — azzyﬁ — agyo = 0.

OTCIO,ZL&, CHOBa BCHOMHI/IB, YTO TOYKa KaCaHUnuAd HpI/IHa,[LJIe}KI/IT JIMHUN 1 I10-
STOMY
2 2
a11Ty + 2a12£17()y() + ayy + 2a13T0 + 2a23y0 + az3 = 0,

IIOJIYYM ypaBHCHHE!

(@110 + a12Yo + a13)x + (1220 + a22yo + a23)y + a13T0 + azsyo + asz = 0, (4.2)

KOTOPOE HA3bIBACTCH YpaBHEHNEM KacaTeJIbHOI K JJaHHO JIMHUKA BTOPOTO
nopsijika B Touke Mo(zo, yo)-

BriBejieM Tenephb ypaBHEHUsI KacaTe/JbHbIX K JLIUIICY, TUIepdo/ie n Ia-
pabosie. Tak Kak s SJLIUICA ¥ TUIEPOOJIbl BBIBOILI aHAJIOTMIHbI, TO 00b-
eJINHUM UX.

[IycThb JIMHUS BTOPOTO HOPSIKA 3a/aHa YPaBHCHUEM
2 P 1
a2 = b2 '

Tora obiiee ypaBHeHue 3TON JTUHIUH UMeeT B
v’z? £ a*y? — a*b* = 0.
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[IycTh npsiMas 3ajaHa mapaMeTpUuIecKIMI yPaBHEHUSI MU

T = x0 + ait;
Yy = yo + ast.

[TojcraBus ux B 00Iee ypaBHEHNe HAIIEH JIMHIN, TOJTY IHM:
b2 (xo + art)” & a*(yo + agt)” — a?b? = 0.
CoBepilM Terepb HECKOJIbKO Ipeodpa30BaHMii:
V2 (22 4 2xoart + ait?) £ a*(y3 + 2yoast + a5t?) — a*b* = 0;
(a2b* + a3a®)t* + 2(a1b’xg £ aagyo)t + b*x) £ a’y) — a®b® = 0.

Touxa My npunajyiexkut Jjiunuu, nosromy b*r3 + a?y3 — a?b? = 0. Ciejiona-
TeJILHO,

t((afb? £ a3a?)t + 2(a1b’xg £ a’agyy)) = 0.
Orciona t; = 0. Ho kopuu cosnasmue. 3uaqurt, to = 0. I[TosTomy
a1b’xy + a2a2yo =0. ()

[Iycrs M (x,y) — npousBoJibHAsT TOUKA KACATEJBHOMN, OTINTHAST OT TOU-
ku My. Torna © = x¢ + aity;y = yo + asty (f1 — 3HAUeHME apamMerpa Jijis
toukn M). CieroBaresibHo,

r—=o Y—Y
;A9 = .
tq tq

[TogcraBuB mosyuenubie Buipazkenus B (*), mostydmm:

ap =

T — Xy

b’z + a2y,

1 1

b*o(z — x0) £ a’yo(y — yo) = 0;

2 2,2 2 2 2 .
b*xoxr — b zf £ (a*yoy — a’y;) = 0;
b rxg £ a’yyo — (b2l + a®ys — a®b?) — ab* = 0.
CHoBa BOCIIOJIB30BABIIICH TeM, 910 My(x, o) — TOUKA JIMHNH, TTOJTYTHM:
Vrxy + a*yyy = a*b?

nJI1 OKOHYaTCJIbHO:

rro | YYo

— ypaBHeHHe KacaTe/IbHON K 3JIINICY U rurnepbolie.
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BriBejieM Terepb ypaBHeHUEe KacaTeabHol K rapabosie. [Iycrs mapabosia
3a/1aHa CBOMM KaHOHMYECKUM YpPaBHEHUEM
y? = 2pa.
[Iepenmiem ero B Buje

y* — 2px = 0.

[lojacTraBuMm, Kak U B cjaydae BbIBOJA ypPaBHEHUsI KacaTeJILHON K SJLIMIICY U
rumepooJie, 3HaUeHIs KOOPIMHAT U3 [TapaMeTPpUIeCKNX YpaBHEHUI J1jIsT HEKO-
TOPOIT TOUYKU Mo(xo, yo), KOTOpag ABJISIeTCA TOYKON KacaHus JJId Hallleil mna-
pabOJIbl U COBEPIINM 3aTEM HECKOJIBKO IIPeodpa3soOBaHMIi:

(yo + agt)® — 2p(xo + ast) = 0;

y(Q) + 2ypaot + a%t2 — 2pxo — 2pat = 0;
a3t? + 2(yoay — pay )t = 0;

t(ast + 2(yoas — pay)) = 0.

Beuty coBnajienus kKopueit, ypas —pa; = 0. Tenepb, Kak 1 B ciydae 3JLIUICA
1 TUTEepOOJIbI, TTOJCTABIB

- $—$o_a Y=Y
1= —F a2 = —(——
tr ty
rjie t; — 3HaYeHue mapamMeTpa i HEKOTOpOil mpon3Bo/bHoil Toukn M Ka-

CaTeJILHOI, ITOJIYYNM:

Y —Yo L —To
Yo—7F— " P—— =

0;
t t

Yoy — vo) — p(z — o) = 0;
Yoy — Yo — px + pro = 0;

Yyo — pT — Yo + 2pxo — pro = 0

¥, BCIIOMHIB, 910 To4Ka My(Z0, Yo) TaK Ke MpUHAJIEKUT TapaboJie, mosIy-
JaeM:

yyo = p(x + x0) (4.4)

— ypaBHeHHe KacaTeJbHOIl K rapadoJie.
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4.1.3. /IuamMeTpbl JUHUMU BTOPOTO HNOPSIKAa

[IycTb JiMHESI BTOPOT'O IHOPsiJIKa 3a/aHa CBOMM ODIIMM ypaBHEHHEM
a11$2 + 2a107y + a22y2 + 2a13x + 2a93y + azz = 0. ()

[IycTh HEKOTOPOE MHOZKECTBO MPSIMbIX HMEET HEACHMIITOTUIECKOE HAIIPABIIC-
HIe. DTO MHOYKECTBO MOXKHO OIIDEJIEJINTH U TaK: MHOYKECTBO IPSIMBIX, HMe-
OINX B KadeCTBE HAIIPABJISIONIErO BEKTOPA BEKTOD (a1, ), KOTOPBIN He
SIBJISIETCsT ACHMITTOTHYECKIM HallpaBIeHueM Jijist jganuoil jumnnn. Ha kaxkioii
13 9TUX MPSIMBIX B KadecTBe ToIKN Mo(Z, Yo) BO3BMEM cepeiny HEKOTOPOit
xopJibl [ oTcekaemoit KaxK/10#t n3 nux Ha junnn (*). Bymem cuurars, uro
1 Yo — [ePeMEeHHbIe, YTO II03BOJINT HAM OLPEJIENTh HeJIblil KJIACC MPSIMbIX.
[Iycrs My(x1,y1), Ma(xe, yo) — KoHIBI X0pbl . Torma

oo + 22 y Y1+ Y2
0= "5 Y= —5

2 2
C Jipyroii ¢cTOPOHDI, TOCKOJIBKY B3ATbIe HAMU TOUYKH ITPWHA/IEYKAT MPIMOIL,
NMeEIOIIeil HaIlIPaBJIAIONNN BEKTOP c?(al, ag), TO MOXKHO BOCIIOJIb30BaThCsI I1a-

paMeTpuIeCKUMU YPaBHEHUAMMU:

(I11)

r1 = x0+ arty; | T2 = 2o + arly;
Y1 = Yo + asty. Yo = Yo + asto.

3nech t1 u ty — 3HavUeHus napamerpa st Touek My u My cOOTBETCTBEHHO.
[Toncrasus nosydenunie Boipazkenus B (I11), momy«mm:

t1—|—t2 t1+t2
To = To +a1(T);y0 = % +a2(T)-
SHaqur,
1+ 1 t1 +1
Ql% = 0;@2% = 0

Koop/inHaThl HAIIPABJISIONIEr0 BEKTOPA HE MOI'YT ObITh PABHbI HYJIIO OJHOBpE-
MEHHO, ITO9TOMY IOJIyunM, 9To t1 + t9 = 0. Ho t;, to — KopHE KBaJapaTHOrO
ypasuenus (). Bamumem sro ypasuenue B Buje Axr + By + C = 0. Tk,

t1 +ty = ———, 1o B = 0. [losromy u3 ypasuenus (1) mosryanm:

A
(@110 + a12yo + a13)ar + (a12x0 + agayo + asz)as = 0. (1V)

[IeperpynnupoBaB 4jeHbI 3TOTO ypPaBHEHUs O-JIPYTOMY, U 3aMEHUB (DUKCHU-
POBaHHbIE KOOPJUHATBI Lo U Yo HA IIEPEMEHHbIEe T U Y, [IOJYyYNM YpaBHEHUE

(a11a1 + algag)ﬂf + (CL126L1 + a22a2)y + aq3a1 + agzas = 0. (V)
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DT0 ypaBHEHUE HEKOTOPOil NpsiMoil d Ha KOTOPOIl PaCIOJIOXKEHbI CepeJINHbI
BCEX XOP/I, OTCEKAeMbIX Ha JIMHUU (¥) IPSMBIMU, HAIPAB/IAIONIH BEKTOP KO-
TopbIX d(ay,asz). Ha pucynkax 42-47 mokasaHbl NpUMepbl JUAMETPOB st
JIMHUIT BTOPOT'O TOPSJIKA PA3JIMYHbIX TUIIOB.

M,

Puc. 42 Puc. 43

Puc. 44 Puc. 45

[Tocko/IbKY MBI paccMaTpuBaeM cJiydail Korjia HallpaBJIeHne Xop/| He COB-
1aJlaeT ¢ HalpaBJIeHUeM HHU OJHON M3 KOOpJMHATHBLIX oceil, To a; # 0. Cire-
az .
JOBATEJIbHO, 0003HAUNB kK = —, TI0oJIydnM cJiejytforuii Buji ypasuenus (I1V):
ai
(an1wo + ar2yo + a13) + k(ar20 + azsyo + as;s) = 0.

CHoBa 3aMeHuB KOOPAUHATH (PUKCUPOBAHHON TOYKU Ha, IePEMEHHBIC, [10JIYy-
M.
(@117 + a2y + a13) + k(a10r + agy + azg) = 0. (VI)
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Puc. 46 Puc. 47

Onpenenenune 4.4. [Ipsivast, onpejiessieMast ypaBHEHIEM
(a1 + a9y + a13) + k(ar2x 4 ay + asz) = 0.

Ha3bIBaeTCA JMaMETPOM JIMHNM BTOPOI'O IIOPAIKa, COHpH}KéHHbIM HallpaBJie-
HUTO (al, CLQ).

Bameuanue 4.2. Ecau xopdv oxazviearomes napassesvrvmu ocu OX, mo
moeda onu umerom nanpasaenue (ay,0). Caedosamenvro, ypasnerue Oua-
MEMPA 6 IMOM CAYUGE NPUHUMAEM, 6UJD

(a11z0 + aizyo + a13) = 0.

Ecau orce xopdve napaaseavnor ocu OY , mo ux Hanpasaenue onpedessem
sexmop (0, as). Kax nocmynumo 6 amom cayuae, 6edb moezda koapdunyuerm
k neonpedeaen? Hyorcrno seprnymoca x ypasuenuro (IV) u oboznavums k =

a
= L. Tveda ypasnenue (VI) npurnumaem 6ud
az

k(anx + a12y + a13) + (@122 + axy + asz) = 0.

H, max xax 6 amom cayvae k = 0, mo okonuamenvro, ypasrenue duamempa
oydem umemnv 6ud

(a2 + agy + ag3) = 0.

HOCKOﬂbe KOOpAMHATDBI HEHTPa JIMHUN 3a/laHbl CHUCTEMOIA

a;1x1 + apyr + az = 0;
1271 + a2y1 + asz = 0,
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TO OYEBU/IHO, UTO HEHTD JIMHUK (€CIM KOHEYHO OH CYIIECTBYET) JIeXKHUT Ha
JIIOOOM JTHaMeTpe.

Ob6paTHO, MyCcTh JINHUST BTOPOTO TMOPSJIKA MEeHTPaJbHasg W MyCTb HEKO-
Topas npaMas d HeaCHMIITOTHYECKOr'0 HallpaBJ/IeHUs ITPOXOUT Yepe3 IMEeHTP
muann — 109Ky Mo(xo, yo). Toraa ypaBHeHue 9T0it psiMOit MOXKHO 3aIUcaTh
B BHJIE

Az —x0) + B(y — o) = 0. (VII)
[Toripobyewm HaiiTu Takoe HapaBJenue (ay, as) /i KOTOPOTo npsiMasi d 6yer
CONPSZKEHHBIM JTnaMeTpoM. Ecyin Takoe HampaB/ienne HaiiJIETCs, TO ypaBHe-
rue (VII) npsimoit d 3ammrmmercst B Bujie ypaBHEHUsI iHaMeTPa, COMPSIKEHHOTO
Harpas/eHnio (a, as), T.e. B Buje ypasuenusi (V). Ecjim packpbITh CKOOKH
B ypasuennu (VII), To xoadbdurmenramu npu HemssectHbix Oyiayr A n B.
[IpupaBHsiB X K coOBeTCTBYMOIMNM Ko duimentam ypasaenus (V), moJy-
UM CUCTEMY ypaBHEHUI

a11a1 + ajpas = A;
1201 + 92909 = B

[TockostbKy MBI paccMaTpuBaeM CJIydail, Korja JUHUs eHTpa/ibia, 70 0 # 0
¥ IO9TOMY 9Ta crucTeMa (KOTopast siBJIsIeTCs CHCTeMOI JIByX JIMHEHHBIX yDaB-
HEHWI OTHOCUTE/LHO HEU3BECTHBIX a1 W (9) pernaercs: ojHo3uaqHo. [Tojcra-
BUB 0Ty YeHHbIe 3HadeHust Koaddurmenton B ypasaerue (VII), Mbl oty amm
ypaBHEHWEe

(ar1a1 + ai2a2)(x — x0) + (a12a1 + aa2)(y — yo) = 0,
[ePerpyInnpoBaB KOTOPOE ITOJIY IIM:
(a11a1 + a12a2)x + (a12a1 + ag2a2)y—
((anar + a12a2)xo + (a12a1 + azaz)yo) = 0;
(a11a1 + a12a2)x + (a12a1 + ag2a2)y—
((a1120 + a12y0)ar + (a1220 + azayo)az) = 0.

Ho zg u yg — xoopaunatsl menTpa. [losTomy, ncrnosib3ysd ypaBHeHUs EHTPA,
HOJIYUUM:

(a1101 + a1ga2)x + (a12a1 + ageas)y + aijzar + agzas = 0,

T.. JeficTBuTesbHO ypaBHenue quamerpa (V).

Taknm 06pa3oM, MBI OJHO3HAYHO MOJIyYaeM 3HAUEHHE HEKOTOPOIo Ha-
IIPABJICHNUA, JIJIT KOTOPOTO HAIIA TIPSIMAst ABJISACTCS CONPSIYKEHHBIM JIIAMET-
pom. UTak, MbI TOJIYIUIN CIIeyIoNee YTBepK ICHNE.
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Teopema 4.1. Bcaxaa npamaa HeacuMnImMOMUYECK020 HANPABAEHUA, NPO-
TOOAWAA HEPE3 UEHMP AUHUL 8MOPO20 NOPAJKA ABAAECMCA QUAMEMPOM, CO-
NPAACEHHBIM HEKOMOPOMY ACUMNMOMULECKOMY HANDPABAEHUIO.

Ecmu g npsiMoit, mpoxojidieit yepe3 MeHTp B3ATh aCUMIITOTHYECKOe
HalpaBJjeHne, TO OHa OKaXKeTCs aCUMIITOTON (T&KOI‘/’I cJay4ail BO3MOXKEH JIUIIb
JUTs JTAHUG TUIIepOOIMIeCcKOro TUIA). ACHUMITOTY MOYKHO CYMTATH JIHAMET-
POM, COTPSIZKEHHBIM caMOMy cede, MOCKOIBKY XOP/I ACUMIITOTHIECKOTO Ha-
paBJIeHns He cyliecTBYeT. TakuM oOpa3oM, Mbl TPUXOIUM K O0Jiee CUJILHOMY
YTBEPKJIEHUIO.

Teopema 4.2. /[uamemp sunuul 6mopo2o nopadka moxHcem bvimv onpede-
AEH KAK NPAMAA, NPOTOOAULAL YEPES UECHMP.
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4.2. CummeTpus JUHUNA BTOPOTO MOPSIIKA

1. BauMHO compsi>k€HHbIe BeKTOpbl. Ocoboe HampaBJieHUE

2. Bun ypaBHeHns JMHUM BTOPOTO IOPSAKA €CJIM OCH KOOP/Iu-
HAT MMEIOT CONPA>KEHHbIE HAIIPABJICHMSI

3. Ocu cuMMeTpum 1 TJiaBHbIe HaIpaBJI€eHUH JIMHUM BTOPOI'O
MOPAIKA

4.2.1. Bzanmuo conpsi>K€éHHbIe BeKTOpbl. Ocoboe HallpaBJeHHEe

Brolire MbI noJIydmin ypaBHeHHe JIUaMeTpPa, COUPSZKEHHOTO HaIlpaBJIe-
Huto (a1, as) (IV). Hampasssonuii BeKTOp 9TOr0 [raMeTpa 0003HAUNM Yepes3

b(b1,b2). Torja HEmOCpEICTBEHHO U3 ypaBHEHUsT moaydnm: by = —(ajpa; +
+ ag9a9); by = (a11a1 + a12a2). YMHOXKUM TIE€PBOE U3 MOJIYIEHHBIX DABEHCTB

Ha —by, & Bropoe — Ha by U CJIOXKUM UX:
—boby + boby = bg(alzal + CLQQCLQ) + bl(a11a1 + algag).
az by
[leperpynmnupoBaB u BBejis obo3HadeHust k; = — W ky = b MbI TIOJTY UM

a1 1
COOTHOIIEHNE, KOTOPOE HA3hIBACTCA 3aBUCUMOCTBIO MEXKAY ABYMS COIIPAZKEH-

HBIMM HallpaBJICHUAMMI:

a1 + aro(ka + k1) + axekiks =0 (4.5)

[IpeaiooKuM, 9To J1Ba CONPAKEHHBIX MEeZK Ly cOD0i HaIpaB/IeHIs COBIIA,Ia-
f0T. DTO OyJIeT TOTIa U TOJILKO Torjia, Korjaa (4.5) mMeer BUI:

a1 + 2a19k + agk? = 0,

WJIN, €CJI BEPHYTL cTapble 0003HAYEHNSI,
2 2
a11aq + 2a12a1a2 + A2209 = 0.
CiietoBaTeIbHO, HAIlpaBIEHHE TOTIa M TOJHKO TOIJIA COBIIAIAET CO CBOWM
COIPSIZKEHHBIM, KOTJIa OHO SIBJISIETCSI acUMIITOTHYeCKUM. IlosroMy acumirro-
THYeCKNe HAIIPABICHUS HA3BIBAIOT MHAYE CAMOCOIPSIZKEHHBIMIA,
Moxker s nampasierue (by, bo), conpsizkéHnoe HanpasaeHuoo (ai, as)
ObITH HeolpeJeeHHbIM? D10 OyjeT o3HadaTh, YTo b = 0, T.e.
ajrar + appag = 0; (1)
aijzai + agas =0
Ho a; m as He MoryT OBITH paBHBI HYJIIO OJHOBpeMeHHO. IloaToMmy ypaBhe-
HUSI 9TOI CHCTEMbI BO3MOXKHBI TOJILKO Toria, Koria 6 = 0, T.e. ec/iu JINHUSI
SIBJISIETCsI JIMHIEH apaboIMIecKoro THUIIA.
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Onpenenenune 4.5. Hamnpapiienne y KOTOPOro CONPszKEHHOE HAIIPABJICHUE
HeoIpeJIeJIeHO HA3bIBACTCA OCOOBIM.

YuMHOKEM 06e gacTu nepsoro ypasaenust (1) Ha ap, a Broporo Ha as u
CJIOZKUM HX:

2 2
a11ay + 2a12a1a2 + A9909 = 0.

DTO 03HAYAET, UTO HAIPABJICHUE (A1, Q) SBJISIETCST ACUMITOTHIECKIM.

Teopema 4.3. /[aa aunuu napabosuveckozo muna U moivko oad Heé eduH-
CMBEHHOE ACUMNIMOMUYUECKOE HANPABAEHUE ABAAECMNCA 0COOBIM, M.€. CONPA-
AHCEHMDIM BCAKOMY HANPABAELHUIO.

Teopema 4.4. B cayuae napabosve 8CAKAA NPAMAL ACUMNIMOMULECKO20 HA-
NPABAECHUA eCNb QUAMEMD, CONPANHCEHHDIT HEKOMOPOMY BNOAHE ONPedeséH-
Homy wanpasaenuro. Jluamempor napabosve mo2ym O6vims onpedeseHvl Kak
NPAMbBLE ACUMNMOMUYECKO20 HANPABACHUA.

Ha puc. 48 nokaszanbl pa3jindHble CIydan JraMeTpa Jjisi napabosibl (Jina-
METDBI JAHBI IIyHKTUPOM ), KOTOPbIE HATJISTHO HJLTIOCTPUPYIOT Y TBEPK/ICHIE
2: BCe JmaMeTpbl 1apadoJibl UMEIOT OJHO U TO »Ke HallpaBJieHue, T.e. IapaJl-
JICJIbHBIL.

Puc. 48
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4.2.2. Bua ypaBHeHUsl JIUHUM BTOPOTO MOPSJIKa €CJIN OCU
KOOPJAMHAT MMEIOT CONPSAKEHHbIE HAITPABJICHUS

[Tycrh inHUST BTOPOTO MOPSIIKA 3a/aHa CBOUM OOIIUM YpaBHEHIEM
a2 + 2a10xy + axy’® + 2a13% + 2a93y + agg = 0. (1)
YpaBHEHUE JaMeTpa, CONPIKEHHOIO HAIPABJICHUIO (a1, d2) UMEET BU/T:
(a1a1 + arpaz) + (arzar + agag)y + aiza; + agas = 0. (IT)

Brolire Mbl HCKIIOUNIM CIy4Yan, KOIJla yKa3aHHOE HAIlpaBJICHUE IapaJ-
JICJILHO KOODJMHATHBIM OCAM. Pasbepém renepb ux.

Ecm a; = 1, as = 0 (1.e. BekTOp @(aq, as) €CTb HAIPABJISAIONIH BEKTOD
ocu aberuce), To ypasaenue (II) mpesparaercst B ypaBHeHe

a11x + appy + a3 = 0. (I]I)

Eciun a; =0, as = 1 (1.e. BeKTOD d(a1, a2) €CTh HANIPABJIAIONINIT BEKTOD
OCH OP/IMHAT), TO YKA3aHHOE YpABHEHHE MPUHUMAET BUI:

127 + a9y + asz = 0. (IV)

[IycTh Tenepsb och OpJnHAT UMeeT IIPOM3BOILHOE HAIIPABJIEHNE, KOTOPOEe
He SIBJISIETCS aCUMIITOTHYECKUM JIJIsl JIAHHOM JIMHUU,& OCh abCIKCC SIBJISIETCSI
JTMAMETPOM, COTIPsIyKEHHBIM ocu opauHat. Toraa ypasuerue (IV) ectb ypas-
HeHue ocu abCICC, T.e. OHO OIpeJesdeT Ty Ke NPAMYI0, 9TO U ypaBHEHHe
y = 0. CiresioBaTesibHO, KO9MDMOUIMEHTRI a19, A22, A2z ypaBHenus (IV) mosmk-
HbI OBITH IIpoNOpHKHOHAILHBI Ko3d dunmentam 0, 1, 0 ypaBuenusi ocu OX.
D10 o3HauaeT, UTo a1 = 0, age # 0, asg = 0. CiejoBare/bHO, B Halleil
cucTeMe KOOPJMHAT JIMHUsI UMeeT ypaBHEHUe

CL11£L‘2 + a22y2 + 2@1337 + aszs — 0 (V)

PaccmoTpuM oTeibHO ABa cirydasi — KOTJIa JIMHUS IeHTPpaJbHa 1 KOTIa
HEelleHTPpaJIbHA.

[IycTb iunus neHTpasbHa. KoopauHaTHbIe OCH IIPEICTaBISIIOT COOO0I Co-
HPSIZKEHHBIE JIPYT JPYTY HallpaBJIeHIs OTHOCUTE/ILHO JIaHHOM JTMHIN. SHAUNT,
MIOCKOJIBKY Y JIMHUU €CTb IEHTP, TO OCH KOOPJMHAT IEPEeCEeKaloTCd B 9TOM
LIEHTPE, T.€. SIBJISIOTCS COLPSIXKEHHBIMU JIPYT JPYrY JuaMeTpaMu. Torja ochb
opaunat nmeet ypasaenue (I11), koTopoe 10/17KHO OBITH PABHOCIIIBHO YDaB-
HEHUIO

xz = 0.

3uaunT, KOAPPUINEHTBI a1, 12, (13 JOJKHBI OBITH IPOIOPINOHAIBHBI KO-
spdunmentam 1, 0, 0 ypasuenus ocu OY | 1.e. a;; # 0, a;o = 0, a3 = 0.
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[Tosromy ypasuenue (V) nmeer Bu/g
2 2
apr” + axy” + asy = 0. (V1)
[IycTs Tenepn jmnus HenenTpasibhia. [IpeanonoxKmuM, 4To ona yzKe npu-
Beera K By (V). Torga, mockosbKy Jijist HelleHTpasibHbIX JinHuit § = 0, To
HOJIYYUM, YTO 11029 = G39. Ho B (V) a1z = 0. 3naunrt, ajjass = 0. Tak xax
as9 # 0, 10 a1 = 0. ITosToMy B mTOre MoJIyuaeM ypaBHEHHE
2
a2y~ + 2a13x + asz = 0.

[Ipumenus npeodpaszoBaHue HapaJlIebHOIO IEePEeHOCa 110 (POpMYyJIaM:

ass
=+ —
2a13
y =y,
Mbl OJIyYUM YpPaBHEHUE
a22y'2 + 2a13x’ = 0. (V]I)

Takum obpazoM, ecjm Ocu KOOPJMHAT 00pa3yloT Iapy CONPSKEHHBIX
JMAMETPOB JINHUN (B C/Iydae ecJii JIMHUs [EHTpaJbHA) WIN OCh OPJIHAT
COBIIAJIACT C €JIMHCTBEHHBIM ACUMIITOTHICCKIM HAIIPaBJICHIEM (eC/i JIMHUST
niapabostirieckoro Tuma), To eé ypasuerne mmeet B (V1) mwim (VII).

4.2.3. Ocu cumMmMeTpun ¥ TJIaBHbIe HANpPaBJeHUS JUHUN BTOPOTO
MmopsiJIKa

[lycTh jana jmHUST BTOPOro mnopsiaka F u mycrsb npsiMast d siBJIsIeTCsI eé
0CbI0 cuMMeTpun. PaceMmorpuM ciiydail, Korja HallpaBJIeHHe, IIepIeHUKY-
JISIpHOE K IIPSAMOIL d siBJIsSIeTCsI JijIst JAHHOM JIMHUKM acUMIITOTHYEeCKUM. Bo3b-
MEM rapy Touek Ay u Ao uHnn F, cUMMETPUYHBIX OTHOCUTEIBLHO IPSMOIi d.
BBuy paccmarpuBaeMoro ciydasi, npsiMas dp, IPOXo/isiiias depe3 BbhlOpaH-
HbIE TOUKH IMEET ACUMIITOTHYECKOe HallpaBJIEHIE U B TO YK€ BPEMsI COJIEPIKUT
110 KpaiiHeil Mepe JiBe TOUKU IIepecevdeHusl ¢ JUHUEel. DTO MOXKeT ObITh TOJIb-
KO B TOM CJIydae, KOI'Jia yKasaHHas IPSMas IeJTUKOM IPUHAIEKUT JTNHAN
(MBI y2Ke roBopusin 0 Takoit BoamoxkuocT B 3amedanun VI.1.1). Cremoa-
TeJIbHO, JIUHUsI F' paciajgaercs Ha Hapy NpsiMbiX — dq U ds, OJHA 13 KOTOPbIX
nepreHauKkyasipaa K d. Ilpsimas dy He MoxKeT ObITh HaKJIOHHOM K IPsiMOii d.
CueoBaresibHO, Jn0OO do NeplieHIuKY/IsspHa K d, 6o dy coBmajaer ¢ d. B
IEPBOM CJIydae JIMHUS F' cOCTONT U3 JIByX NapasiiebHbIX NPAMBIX (puc. 49) u
TOIJIa BCsIKasl MpsiMasi, ePIeHIUKY/IsipHAs STUM IIPAMBIM ABJISIETCS UX OCHIO
cumMeTpun. OCblo CUMMETPUN JIUHAN F' sIBJISIeTCs] Tak »Ke U €JIMHCTBEHHbII
eé¢ quamerp d — mpsiMast, IPOXOAINIAs TOCEPEINHE MEZKLy HUMIU.
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d, d d,
d,
A1 ° A1 ®
d d d,
Az [ 'A\2 s
d" d’
Puc. 49 Puc. 50

Bo Bropom ciryaae (puc. 50) smHust mpejctapisier coboil mapy mepreH -
KYJIIPHBIX JAPYT JPYTY TPAMbIX. Kaxkaas 3 3TUX MPsIMbIX €CTh OCh CUMMET-
pun jqunun F. Kpome Toro, ocssMu CUMMETPUH ABJISIIOTCA U JBe OUCCEKTPUCCHI
JIBYX I1ap BEPTUKAJBHBIX MPSAMBIX YIJIOB, 00Pa30BAHHBIX STUMU IPIMBIMHU.
DT GUCCEKTPUCCHI ABJAIOTCS (B3aUMHO EPIEH IUKYISIPHBIMIL) COMPSI?KEH-
HbIMU JIMaMeTpaMU: KarKJIblil U3 HUX JIEJUT II0II0JIaM XOP/Ibl eMy IepIIeHI1-
KyJIsipHbIe (¥ mapaJiiebHble BTopoii buccekrpucce). MTak, moydaem criey-
Io11ee yTBEPKIEHUE.

Teopema 4.5. B cayuae, ecau 0cb CUMMEMPUY AUHUY BMOPO20 NOPAO-
Ka 0KA3DIBAEMCA NEPNEHIUKYAAPHOT HEKOMOPOMY ACUMNIMOMULECKOMY He-
NPABAEHUIO, MO NUHUA PACTAOAEMCA AUOO HA NAPY NAPAAAEALHBLL NPAMOLT U
umeem 6eCKOHEUHO MHO20 0CEl CUMMEMPUL, AUDO Ha NADPY NEPECEKANOULUTC
NPAMBLE U UMEEM, YEMDBIPE OCU CUMMEMPUL.

Paccmorpum Tereps ciydail, Korja HallpaBjeHue, IepIeHINKY/IspHOe K
1psiMOit d, BLIOpAHHOIT HAMU B Ka4eCTBe OCH CUMMETPHH, He SBJIsIeTCs] ACHMII-
TOTUYeCKUM Jijisi JanHoil unun F'. Ilycrb di — Kakas-HuOyab 1psiMasi, 1ep-
HeHINKYJIApHas K npsaMoil d. JInnus repecekaeT IpAMYyio di B JIByX TOYKaX
Ay u As (0HE MOTYT OBITH B TOM YHCJIE W COBITABIIIMUI N JIAZKEe MHUMBIMI),
CUMMETPUYHBIX OTHOCUTEJIBHO IPSMOI d Tak, UTO IPsSMas JeJUT IIOI0JIaM
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xopiy A1 As (puc. 51). D10 3HAYUT, 9TO HpsiMast d SBJISTETCST TUAMETPOM JIHi-
Hun F', CONpPsiyKEHHBIM HATIPABJICHUIO, TIEPIEHINKY/ISPHOMY K TpsiMoit d (Ha
PUCYHKE JaHbl TPU MOJOKEHUS MPSMOil di, KOTOpbIE U WITIOCTPUPYIOT TPH
BO3MOYKHBIX CJTydast).

Puc. 51

Omnpenenenne 4.6. Hanpapienue Ha3biBaeTCsd NIABHBIM OTHOCUTEIBHO JIN-
HUU BTOPOrO TOPHAJIKa, €CJAU 3TO HallpaBJICHUE W HAIlpaBJICHUE, MEPIIeH -
KyJASpHOE K HEMY SBJSIOTCA B3aUMHO COIPAKEHHBIMU HAIIPABJICHUAMHU J1JIST
JIAaHHOM JTmHUNU. /InaMeTp JTUHUN, CONPSAXKEHHBIH TePIeHIUKY/IIPHOMY K HEMY
HAITPABJIEHUIO, Ha3bIBAETCS TJIABHBIM JUAMETpOM JInHUK. Hampasienne rias-
HOI'O JINaMeTPa ABJIAETC IVIaBHBIM HallPABJICHUEM.

HemnocpepcrBenno u3 onpejesieHnsl IJIABHOIO HallPABJICHUSI BBITEKAIOT
CJIeIYIOIINe CJIeJICTBUS:

CnencrBue 4.1. Hanpasaerue, nepneHiukysapHoe K 2AG6HOMY MaK JHCE
ABNACTNCA 2NA6HBIM.

CraenctBue 4.2. Ocoboe HANPABAEHUE NUHUL ABAACNCA OAA HEE 2NABHDIM.

[To ompejienennio, ocoboe HalpaB/eHUe — STO TaKoe HallpaBJeHUe, y
KOTOPOI'O COIPSI?KEHHOE HallpaBJIeHHE IIepPecTaéT ObIThb OlpeIe/IeHHbIM. JIio-
Ooii JuaMeTp HapadoJibl HapaJsiiejieH €€ OCH, T.e. UMEeT aCUMIITOTHUYECKOe
Harpagjenue. Cpean JguaMeTpoB mapabdoJibl, OJIHAKO, CYLIECTBYET OJINH, KO-
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TOPBII CONMPSZKEH TEPIEHINKYIAPHOMY €My HAITPABJICHUIO — 3TO OCh Tapado-
JIbl. 3HAUNT, 0cODOE HAlIpaBJIeHne TTapadoJIbl SBJIsSIeTCs TyiaBHbIM. Harmpasite-
HUE, TIEPHEHIUKYIIPHOE 0COOOMY HAITPABJIEHUIO TTAPAOOJIbl TAK JKe SIBJIAETCS
TJIABHBIM.

Teopema 4.6. Ocv napabosv, — eduncmeernas €€ 0cb CUMMEMPUL.

Eciun mHust BTOPOro mopsijika Ipejcrapiisier coboil mapy napaJiiesib-
HBIX MPSIMbBIX (T.€. JIMHUIO MapabOJIMIecKoro THIIA), TO OHA CHOBA HMeeT JiBa
IJIABHBIX HallpaBJI€HUsI: HAIIPABJICHNE IPSIMbIX 1 IIePIEHIUKY/IsIPHOE K HEMY
HAIIPaBJICHUE.

IIycTb Ternepb JinHus meHTpasbHas. [[0CKOIbKY acCHMITOTHYECKOE Ha-
[IpaBJIeHNe sIBJISIETCS CAaMOIIPSIKEHHBIM JIMIIb caMOMy cebe, TO HU OJIHO U3
IJIABHBIX HAIIPABJICHUN He MOXKET ObITh aCUMITOTUIECKUM. SHAUUT JIUaMeTP
LEeHTPAJIbHON JIMHUK, HMeIoIleil IJlaBHOe HalpaBJIeHHEe SBJIsIeTCsl TJIAaBHBIM
JMaMeTpoM, T.e. OCbIo cuMMmeTpun JuHuu. Ho y HneHTpaIbHbIX JIMHUI JiBe
OCH CIMMETPU.

Wrak, Besikasi JIMHUST BTOPOI'O TIOPsiJIKa UMeeT 110 KpaiiHeil Mepe JiBa IJiaB-
HBIX HallpaBJIEHHS, KOTOPbIE B3aUMHO HEPIEHINKYISIPHBIL.

Taxum ob6pazoM, MOYKHO CPOPMY/IUPOBATDH CJIEIYIONIEE YTBEPKICHIE.

Teopema 4.7. 3a uckmovenuem cayvas, K0206 AUHUA 6MOPO20 NOPAJKA
ABAAECMCA NAPOT NAPANLEALHBLT UAU NEPNEHOUKYAADHILT NPAMBLT, 2A0GEHBLE
AUAMEMPBL U MOABKO OHU ABAANMCA OCAMU CUMMEMPUL AUHUL.

Byiem nckarh Takoe HalpaBjieHEe, 9TOObI BEKTOD (a1, @) ITOrO Ha-
IpaBJIeHNst ObLT TEPIEHTUKYJISIPEH K COTPsizKEHHOMY ¢ HUM BekTopy b(by, by).
Torja, ¢ ojiHOit CTOPOHBI,

by anay + appas
- )
b1 aia1 + asas

ba ai
a C JIpyToii, BBy yCJIOBUsI MEPIEHINKYIsIPHOCTH, = SHaunT,
1 az
a;ai + apaz a1

a12G1 + Q22a2 Q2
DTO 03HAYAET, YTO CYIIECTBYET TaKOE JIEHCTBUTE/ILHOE YHICJIO A, 9TO

aja; + ajpas = Aag;
ai201 + 92909 = )\CLQ

91



nJji
(CLH — )\)al + a12a9 = 0;

a1oa1 + (CLQQ — )\)@2 = 0. (I])

[Iycrh BHavase JuHus IeHTpaibHa, T.e., 0 # 0. Torma mckomoe Hamu
Hanpasyenue (ay,as) ectb perrenne cucrembl (I1). ITockobky cucrema oj1-
HOPO/IHASI, TO CYIIECTBOBAHIE TAKOIO PEIICHIsT BOZMOYKHO JIUIIL KOIJIa

ap — A aig

=0. 177
aig azy — A ( )

DTO B 9aCTHOCTH O3HAYaeT, 4To ypasHenus () jmHeitHo 3aBHCHMbI HIn
9KBUBAJICHTHBI MexK]1y co0oil. IloaroMy mocTarodHo B34Th OJHO U3 JIBYX K-
BUBAJICHTHBIX HallpaBJIEHUII:

a2_)\—a11_ ai2

(IV)

ai a2 CA- ag’
rae A — oauH u3 KopHeit ypasuenus (I11) (so6oit). Koprau A waxomggares us
(III), koTOPOE MOYKHO 3AIMCATH B BUJIE

N —sA+6=0,

T.e. TIOJIy9aeM XOPOIIO HaM M3BECTHOE XapaKTEePUCTUIECKOe ypaBHEHUE JIi-
HUU BTOPOTo TopsijiKa. Ecm Tenepb OTJe/NbHO B3ATh KOPHU A; U A9, TO IO~
JIyIUM JIBa TJIABHBIX HaIPaBJIEHUS:

az _ ()\1 - Cl11) _ a2
aq a1 Al — a2
1 /
az _ ()\1 - a11) _ a2
a'y a12 A1 — a22'
[TockoibKy
st\s2—40 S+ \/(all + a2)” — 4(aniag — al,)
Ao = = =
’ 2 2
s+ \/@%1 + 2a11a99 + a%2 — 4aqy1a99 + 4&%2 _
2
s £/a — 2a11a9 + a3, + 4a?,
> =
s+ \/(CLH — CL22)2 + 4a%2
2 Y
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TO 9TH KOPHH ACHCTBATE/NBHBI U PA3JINIHBI W TOITOMY HallJeHHbIE HaMH Ha-
PABJICHUST CYIIECTBYIOT U pa3indIHbl. Eeynm e a11 = ag 1 ajo = 0 (B ciiydae
OKDY?KHOCTH ), TO KOPHE COBIaA0T. [Ipn 9ToM HI O/IH 13 KOpHEil He paBeH
HYJIIO, T.K. 11ojJicTaBuB A = () B XapaKTepUCTHIECKOe ypaBHEHUE, Mbl 101y 9~
au 661 0 = 0. Uz (IV) ciemyer, 9o ryiaBHble HAPABJICHUST HEOPEICIEHHDI
TOIJIa U TOJIBKO TOorna, Koria ajs = 0; A = aj1; A = a9, T.e. CHOBa, IIPUXO-
MM K OKPY2KHOCTHU JIJIsT KOTOPO#l BCAKUIT JIMaMeTp €CTh OCh CUMMETPHH, a
BCSIKOE HallpaBjieHne — IjiaBHoe. TakuM o0pa3oM, ClipaBeInBa CJIe1yomast
TeopeMa.

Teopema 4.8. 3a uckarouenuem oKpyIHCHOCTIU, BCAKAA NUHUA GMOPO20 NO-

PAJKG, KOMOPAA ABAAECMCA UEHMPANOHOU, UuMeem J8a CONPAHCEHHBIT Ha-
NPABAEHUA, KOMOPIE B3AUMHO NEPNEHOUKYAAPHBL MeHCAY cO00.
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